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Introduction

The primary decomposition of modules is a generalization of the well-known
primary decomposition of ideals. To obtain a primary decomposition of
a module N we compute modules containing N with certain properties—
the primary components—such that the intersection of these is equal to
N. Geometrically the decomposition of an affine variety into irreducible
components corresponds to the primary decomposition of radical ideals. For
arbitrary ideals we may obtain embedded components, which are invisible in
the decomposition of the corresponding varieties itself, but responsible for
many geometric properties, in particular, if we deform the variety slightly.
(To make these components “visible”, one can use the structure of affine
schemes instead of affine varieties, cf. [EH, Chapter 2]). Even though there
isn’t any geometrical interpretation of this kind for modules, it is often
advantageous to work with modules instead of ideals.

In Chapter 1 the theory of the primary decomposition of ideals in a ring
is generalized to the case of a submodule N of a finitely generated R-module
M. To explain the mathematical background we will follow Eisenbud’s ap-
proach for associated primes and primary decomposition [Eis, Chapter 3].
Based on this the existence of the decomposition and the Uniqueness The-
orems are discussed. As mentioned in [Gré] we will use quotient separation
to separate primary components. We will also reduce the problem to the
zero-dimensional case. These tools will be used in the formulation of the
algorithms of Chapter 2. We will also see that the isolated primes of the
module N are equal to the isolated primes of its annihilator Ann M /N. This
is the major result of this chapter.

In the second chapter two algorithms for the primary decomposition
of submodules of a finitely generated K[xy,...,z,]-module are discussed.
The first one is a straight forward generalization of the algorithm given by
Gianni, Trager and Zacharias [GTZ], the other was suggested by Grébe [Gri]
and is based on the ideas of Shimoyama and Yokoyama [SY]. Furthermore,
elementary implementations in the computer algebra system SINGULAR are
presented.

Finally, the last chapter describes various improvements of the algorithm
based on [GTZ] and gives a comparision of different implementations. The
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viii INTRODUCTION

effects of these enhancements will be discussed on the basis of a series of
examples.

Although the additions decribed in Chapter 3 make the GTZ-algorithm
really efficient, there are still examples, which can be faster computed using
the algorithm based on [SY].

All procedures, mentioned in this thesis, are part of the SINGULAR-
library modec.lib, which is included in the appendix.



Chapter 1

Mathematical Background

1.1 Associated Primes

The associated primes of an ideal are important in the construction and com-

putation of the primary decomposition of ideals. We are going to introduce

a similar notation for modules. Following Eisenbud’s approach (cf. [Eis,

Chapter 3]) we first show a few important facts about associated primes.
Let R be a ring and M be an R-module.

Definition 1.1.1 A prime p of R is associated to M if p = Anng(x) for
some x € M. We denote the set of all primes associated to M by Assg M
or simply Ass M when there can be no confusion about R.

Remark Note that in the case of ideals there is one exception of this
notation: Let I be an ideal of R. Then the associated primes of the module
R/I are called associated primes of I. (Usually the associated primes of
I considered as an R-module are not interesting.) Later in this chapter
we will compute the primary decomposition of a submodule N C M using
Ass M/N. By abuse of language we may also call Ass M/N in that case the
associated primes of N.

Proposition 1.1.2 Let M be a nonzero R-module. If I C R is an ideal,
which is mazimal among all ideals that are annihilators of elements of M,
then 1 is prime (and thus belongs to Ass M ).

Proof: If rs € I but s ¢ I, then we have to show that r € I. Let m € M
such that Ann(m) = I. Then rsm = 0 but sm # 0. Therefore (r,I) C
Ann(sm). Since I was maximal among the ideals of the form Ann(m),
(r,I) =1 Thusr el O

In Noetherian rings we always can find ideals as decribed in Proposition
1.1.2, because the ascending chain condition holds. This condition is no re-
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2 1. MATHEMATICAL BACKGROUND

striction at all, since all examples of rings we are interested in are Noetherian
(e.g. polynomial rings over fields). We formulate this fact as:

Corollary 1.1.3 If R is a Noetherian ring and M # (0), then AssM is
nonempty.

From now on we will assume that R is a Noetherian ring and let M be
a finitely generated nonzero R-module.

Proposition 1.1.4 The set U{peAssM} p consists of 0 and the set of zero-
divisors on M.

Proof: The elements of the annihilator of an element in M are either zero
or zerodivisors of M. Conversely, if r annihilates a nonzero element m of M,
then » € Ann(m). But we can choose n € M such that Ann(m) C Ann(n)
and Ann(n) is maximal with this condition. By Proposition 1.1.2 Ann(n) €
Ass M. O

Analogous to the case of ideals there are only a finite number of associ-
ated primes. To prove this we need the following two lemmas:

Lemma 1.1.5 If0 — M’ — M — M” — 0 is a short exact sequence of
R-modules, then AssM’ C AssM C Ass M’ U Ass M”.

Proof: The first inclusion is clear from the definition. To show the second,
suppose that p € AssM\ AssM’ and let * € M such that p = Ann (z),
so that Rx = R/p. Since R/p is an integral domain, nonzero elements
can only be annihilated by p. Hence every nonzero submodule of Rx has
annihilator p. But p ¢ AssM’ and therefore p is not annihilator of nonzero
elements of Rz N M’'. So we have Rx N M’ = 0 and we may assume that
Rz is isomorphic to its image in M”. Thus p € AssM” as required. O

Lemma 1.1.6 For every finitely generated module M exists a chain
0=MyCM;C---CM, =M

of submodules of M (a filtration of M), with M;;1/M; = R/p; for some
prime ideal p;. Furthermore AssM = {p; :i=1, ..., n—1}.

Proof: If M is the zeromodule, then My = M,, and the statement is
obvious. If M # 0 then p; € AssM exists by Proposition 1.1.2, so that
there is a submodule M; = R/p;. We can repeat this procedure with
M/M;. So we obtain My = R/ps and so on. Since R is Noetherian and
M is finitely generated, all M; are Noetherian modules. Hence the chain
M; C M, C .- stabilizes and this means that some M,, = M, as required.

To prove the last statement we have a look at the p;. By construction
and Lemma 1.1.5 we have p; € Ass M. Assume there exists an associated
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prime p, which does not appear among the p;. But this would mean, that

p ¢ AssM/M,,_; (otherwise it would be among the p;, i=1, ..., n-1) and
p ¢ AssM,,_; (since M; is a submodule of M,,_; for i = 1, ..., n —1).
Hence by Lemma 1.1.5 p ¢ Ass M which is a contradiction. O

Proposition 1.1.7 AssM is a finite, nonempty set of primes, each con-
taining Ann M.

Proof: The finiteness statement follows by Lemma 1.1.6 and the existence
of associated primes by Corollary 1.1.3. If p is an associated prime, we can
find m € M such that p = Ann(m) and Ann M C Ann(m). O

One important tools in Commutative Algebra is the localization. Thus,
we are interested in a ‘nice’ relationship between the associated primes of a
module M and its extension. The next theorem shows that the formation of
the set Ass M commutes with localization in some sense.(cf. [Eis, Theorem
3.1))

Theorem 1.1.8 Let M be a nonzero finitely generated R-module and o be
an arbitrary multiplicatively closed set. Then

AssR[o-1] Mo '] = {pR[o"!] :p € AssgM and p N o = 0}.

Proof: If p € AssgM, then there is an inclusion R/p < M. Localizing,
we get an injection R[o~!]/pRlo~!] — M[o~!]. We know (e.g. from [AM,
Proposition 3.11]) that pR[o~!] is a prime ideal of R[o ] if p doesn’t meet
o. In this case pR[o0~!] is the annihilator of an element in M[o~!] and
therefore we have pR[o™!] € Ass Mg[,—1j[o™"].

Conversely, suppose q is a prime of R[o~!] that is associated to M[o~1].
Since q is an extended (prime) ideal, we can write ¢ = pR[o~!] with p a
prime of R and p N = ). There is an injection ¢ : Rlo~!]/pR[o™1] —
M{[o~!]. Since p is finitely generated, we know from Commutative Algebra
(cf. [Eis, Proposition 2.10])

Hompg,-1) (R[Ufl]/pR[afl],M[afl]) = Homg (R/p, M)[o~1].

So we may write ¢ = s~ f for some f € Homg(R/p,M) and s € o. Since
s ¢ p, it is a nonzerodivisor on R/p. Hence f is an injection, concluding the
proof. O

Proposition 1.1.9 The set Ass M includes all primes minimal among primes
containing Ann M.

Proof: Let p be minimal over Ann M. By Theorem 1.1.8, the localiza-
tion at p commutes with the formation of the associated primes. From
Proposition 1.1.2 we know that Ass(M,) # 0. Hence there exists an ideal
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qR, € Ass(M,;) and by Proposition 1.1.7 ¢qR, O AnnM, = (AnnM),.
Since pRy is the the maximal ideal of Ry, we have pR;, 2 qR,, and therefore
p 2 q 2 AnnM. Thus p = q € AssM by the minimality of p. d

1.2 Primary Decomposition

Although the primary decomposition of ideals is well-known, there is only
few known about the primary decomposition of arbitrary modules. First we
are going to define what a primary submodule is (cf. Grébe [Gri] and Greuel
and Pfister [GP, Chapter 2]). The first major results are the existence of
the primary decomposition and the uniqueness theorems (cf. Eisenbud [Eis,
Chapter 3)).

Let R be a ring and M be an R-module. Furthermore, we will assume
that N is a submodule of M.

Definition 1.2.1 N is a primary submodule of M if M/N # 0 and every
zerodivisor of M/N is already nilpotent on M/N. In this case Ann M/N
is a primary ideal and we call N a p-primary submodule of M, where p =

/Ann M /N.

Remark N is p-primary if and only if Assg M/N = {p}.

Proposition 1.2.2 Let Ny, ... Ny, be p-primary submodules of M. Then
N =2, N; is a p-primary submodule of M.

Proof: N is a proper submodule of M, because every single N; is. Let z
be a zerodivisor of M/N. Then z is also a zerodivisor of M/N, for all 1.
Since all N; are primary, = is nilpotent in all M/N,, hence it is in M/N.

0

Now we define the primary decomposition of modules analogously to the
special case of ideals. We will assume in the following that R is a Noetherian
ring and M is a finitely generated R-module.

Definition 1.2.3 A primary decomposition of a submodule N € M is a
representation of N as intersection of finitely many primary submodules of
M:

N=N;in---NN,,

with p;-primary submodules N; C M fori =1, ..., m.
We call a primary decomposition minimal if:

® P, ..., Py are pairwise distinct and

® NjZﬂ#jNi forallj=1,...,m.
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To prove the existence of this decomposition, we first show a slightly
finer decomposition.

Definition 1.2.4 Let N be a submodule of M. We call N irreducible if it
is not the intersection of two strictly larger submodules of M.

Theorem 1.2.5 Let N be a submodule of M.
Then there exist N;, ¢ = 1, ..., m, where the N; are irreducible sub-
modules of M and N = (2, N;.

Proof: Suppose there exists a submodule N € M, which is not a finite
intersection of irreducible submodules of M. We could choose N maximal
among those modules by the ascending chain condition. (Because we are
dealing with finitely generated modules.) In particular N is not irreducible
and therefore there exist Nj, Ny strictly containing N such that N =
N; N Ny. Hence each of N7 and Ny is a finite intersection of irreducible
submodules:

Ny =[Ny, and Ny = (| Ny,

Therefore we have N = (1N, N (Nga,. But this is a contradiction to the
choice of N. Thus the irreducible decomposition exists. O

Lemma 1.2.6 FEvery irreducible submodule N € M is primary.

Proof: If N isirreducible but not primary, there exist at least two different
associated primes p # ¢, such that p = Ann(z), ¢ = Ann(y) for some
xz,y € M/N. Hence Rz = R/p and Ry = R/q and therefore they are
integral domains.

We now claim that Rx "Ry = 0. To show this we assume the opposite.
If Rt NRy 3 ro = sy # 0 for suitable r,s € R, then Jp € p,p ¢ q and we
have (rz)p = r(zp) =0 in R/p. But (sy)p # 0 in R/q, because sy,p # 0 in
R/q. Contradiction.

Since Rz, Ry # 0, the zero-module is not irreducible in M/N. If we
take N1, Ny as the preimages of Rz resp. Ry in M, then N = N1 NNy and
Ni,N2 # N. This is indeed a contradiction and therefore N is primary.

O

Immediately, we get:

Proposition 1.2.7 (The Existence of the Primary Decomposition)
Let N be a submodule of M. Then there exists a primary decomposition
N =N N---NN,, with p;-primary submodules N; C M fori=1, ..., m.

Proof: The decomposition of Theorem 1.2.5 is a primary decomposition
by Lemma 1.2.6. U
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Now we prove a few theorems, which are straight-forward generalizations
of the corresponding theorems from the case of ideals. (cf. Atiyah and
MacDonald [AM, Chapter 4] for ideals).

Theorem 1.2.8 (First Uniqueness Theorem) Let N =Nj;N---NN,, be a
minimal primary decomposition, where the N; are p;-primary submodules.

Then AssM/N = {p; : i = 1, ..., m} and hence the p; are uniquely
determined.

Proof: Let p be in Ass M/IN and consider the map

¢:M/N — @M/Nl
1=1

defined by m +— (m + Ny, ..., m+ N,,). ¢ is injective because m € N;, Vi
if and only if m € (\N; = N. Hence the following sequence is exact:

m
0— M/N — HM/N,
=1

By Lemma 1.1.5, we get that AssM/N C Ass @;"; M/N,. But every
associated prime q of the right side is of the form (", Ann(z;) with z; €
M/N,. By prime avoidance q = Ann(z;) for some ¢, which is the unique
associated prime p; of N;. Hence p € {p;:i =1, ..., m}

Conversely, let p; be the associated prime of one of the IN;.

Since the decomposition is minimal, we have [, 2 N; # N. On the one
hand, we know that [, .; N;/N =, .; N; /(N; N[, ,; N;) . By the Second
Isomorphism Theorem this is isomorphic to ([, .; N;+N;)/N; € M/Nj. So
0 — ), ; Ni/N — M/N;j is exact and by Lemma 1.1.5 Ass (), ,; N;/N C
AssM/N; = {p;}. On the other hand we have 0 — (0, .; N;/N — M/N
is exact and therefore Ass M/N D Ass [, .; N;/N. Hence p; € Ass M/N.

O

Definition 1.2.9 1. A set ¥ of prime ideals associated to a submodule
N C M is called isolated, if for all p € Ass M /N with p C q for some
g € X, then also p € X.

2. The primary components corresponding to the minimal prime ideals
are called the isolated primary components. The remaining primary
ideals are called embedded.

To prove the Second Uniqueness Theorem, we use localization to cut
off some primary components of the submodule N. Therefore we need the
following Lemma [Gré, Lemma 3], which is a consequence of Theorem 1.1.8.
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Lemma 1.2.10 Let N be a p-primary submodule of M Furthermore let o
be a multiplicative subset of R and R = R[o~!], M, N, p the extensions.
Then one of the following alternatives holds:

1. If pNo = then N isa p-primary submodule ofﬁ and NNM = N.
2. IfpNno # then N = M.

Proof: By Theorem 1.1.8 primarity commutes with localization, so we
only have to prove the assertions about the extensions and recontractions.
1. Assume now T = 2, withn € N, s € 0 and m € M. Hence there
exists r € o such that 7(sm —n) = 0 and therefore (rs)m = rn € N.
But since s, ¢ p, r and s are nonzerodivisors in M /N, which leads
us to m € N.

2. Now take s € o Np. Since s is nilpotent on M /N there exists a power
e > (0 such that s*™M C N and every m € M may be represented as

n

€ in M for an appropriate n € N.

g

Using this lemma, we can compute the (minimal) primary decomposition
of the extension module in the localized ring:

Corollary 1.2.11 Let R be a Noetherian ring and o a multiplicatively closed
set. Let N = (\N; be a minimal primary decomposition, where the N; are
pi-primary.
Then
Nio7'l= (] Nife™', Ng"']nM= (] N;
piNo=0 piNo=0

and these are minimal decompositions.

Proof: By Lemma 1.2.10 we only have to show the minimality of the
decompositions. But since the p; are distinct, so are the p;R[o~!] for all p;
such that p; No = 0. O

Immediately we conclude:

Theorem 1.2.12 (Second Uniqueness Theorem)
The isolated primary components of N € M are uniquely determined.

Proof: Let N = (N, be a minimal primary decomposition, where the N;
are p;-primary. By Corollary 1.2.11 we get:

Nig~'|nM= () N,

piﬂo‘Zw
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If N; is an isolated component, then we have N[oc~1] N M = N; with o :=
R\p; . Since the p; depend only on N by Theorem 1.2.8, the isolated primary
components are uniquely determined. ]

We see from the proof, that we can separate the isolated components
from the submodule N. In the next section we will learn about a different
tool for separation.

1.3 Quotient Computations

An important step in computing the primary decomposition is the separa-
tion of the primary components corresponding to the minimal associated
primes. Our aim is to separate primary components of N O M via quotient
computations (cf. [Gril).

Definition 1.3.1 Let I C R be an ideal.
We call

e N:yI:={meM:I.-mCN} the quotient and
e Ny I®:={meM:3k>01IF m C N} the stable quotient

of N by I in M.

Lemma 1.3.2 Let N C M be a submodule of M.
1. If N is p-primary, then:

(a) Ny (/) =Mif fep
(b)) Nuom (f)* =N if f ¢p.

2. If N C M is an arbitrary submodule and N = N1N---NN,, a primary
decomposition, with p;-primary submodules N;, then:

(a) N ()% = ({Ni : f ¢ pi}.
(b) N v a®™ =({N; :a Z p;} for all ideals a C R.

Proof:

1. The multiplication by f is either nilpotent or injective on M/N.

(a) If f € p = /AnnM/N, then f*.M C N.
So M C Nz (f)>°.

(b) Let m € N iz (f)*°. Hence f*-M C N for some k > 0. Suppose
that m ¢ N. Then f* is a zerodivisor in M/N, and therefore
f* is nilpotent. But this would mean that f € p, which is a
contradiction. So we have m € N.
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2. (a) From the first part we get:
Nom (/) = (™o (£))
= (1N f¢pi}

(b) e In the case a C p; = /Ann M/N;, there exists some k£ > 0
such that o - M C N;.

e If a Z p; then there exists f € a with f ¢ p;. By the first
part we get N; CN; : a® CN;: (f)>*° =N;

O

We can reformulate the first part of this lemma as:

Lemma 1.3.3 Let N be a p-primary submodule of M.
Then:

I. NomMh=Nifhd¢p
2. N:omMh=Mifheq=AnnM/N.
Proof:

1. We only have to show that N O N :np h. Let f € N :n h, hence
h-f € N. Assume now f ¢ N. Then h is a zerodivisor in M/IN. Since
N is primary, h is nilpotent in M/N. Then there exists s > 0, such
that h* € Ann M/N. But this is a contradiction to h ¢ /Ann M/N.
Therefore we have f € N.

2. If h € AnnM/N then h- M C N. Hence h-m € N,Ym € M.
Therefore N :pp h = M.

g

1.4 Isolated Primes of a Module

We have seen the importance of the isolated primes before. By Proposition
1.1.9 we know that AssM/N contains all primes minimal over Ann M/N.
Indeed we only need to compute the minimal primes of Ann M/N, but it is
not obvious that the isolated primes of M/N and Ann M/N coincide. This
showns the following Lemma:
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Lemma 1.4.1
minAss M/N = minAss(Ann M /N)(= minAss(R/ Ann M /IN))

Proof: Let p be minimal over a = AnnM/N. By Proposition 1.1.9,
p € Ass M/N. Assume now, that p is not minimal in Ass M[/N. Then there
exists a prime ideal q¢ € AssM/N, with p O q. But ¢ = Ann(z) D a for
a suitable x € M/N. Since p is minimal over AnnM/N it is p = q 2 a.
Hence p is a minimal associated prime of Ass M[/N.

Suppose now p € minAss M/N. Let N = (N, be a minimal primary
decomposition. Hence by Theorem 1.2.10 Ny, = (., (N;)p. Since p is a
minimal associated prime, Ny is equal to the localization of the p-primary
component of N at p. Thus Ny is pRy-primary and pR, is the only asso-
ciated prime of Ny. From above we know that

{pRy} = minAss(M/N,) 2 minAss(Ann(M/N,)).

But Ass Ann(M/N,)) contains at least one prime.
Hence pRy € minAss(Ann(M/N,))) and therefore p € minAss(Ann(M/N)).
O

1.5 Reduction To Dimension Zero

The separation tools from section 1.2 and 1.3 can not separate embed-
ded primes (i.e. associated primes that are not minimal) from the isolated
primes. But we can use them to compute a primary decomposition of a
module which has no embedded primes. Then by Lemma 1.4.1 AssM/N
consists only of the primes minimal over Ann M/N.

Definition 1.5.1 We call € = {po & --- & pmlp; prime of R} a chain of
primes ideals in R and length(C) = m the length of C.
Then the dimension of R is defined by

dim R = sup{length(€)|C is a chain in R}.

Let I be an ideal in R and M be an R-module. Then we call dimI :=
dim R/I the (relative) dimension of the ideal I and dim M := dim R/(Ann M)
the (relative) dimension of the module M .

We see immediately that a zero-dimensional modules own only isolated
primes.

In this section let R = Kl[zq,...,z,], where K is any field. We will
follow Grabe [Gréd] and also extend the results of [GP, Chapter 2] to the
more general case of modules.
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Definition 1.5.2 (Independent Sets) For any given ideal I C R a set of
variables {x,,v € V'} is called an independent set if INK|z,,v € V] =0.

We can generalize this notation to submodules of the free module F. Let
N C M be submodules of F. Then we call the set of variables {z,,v € V'}
a relative independent set for N C M if it is an independent set for I =
Anng M/N.

Notation 1.5.3 Let {z,,v € V} be a maximal relative independent set
(with respect to inclusion) for N € M.

o We write R := K(z,,,v € V)[z,,v ¢ V] = [0 R,
where 0 = K[z,,v € V]\{0}.

e We denote by f‘, M, N and I the module resp. ideal extensions of F,
M, N and I, defined by the map R — R.

Remark

Let V = {z,,, ..., x,,} be a maximal independent set of the ideal I.
Then the prime ideal p = (z, : v € V') leads to the following maximal chain
of prime ideal: (0) G (2,,) & -+ & (Twy, Ty, -+, Tu,_y) G p. Hence the

number of the elements of a maximal independent set V of I = dim1.

Furthermore the localization commutes with taking annihilators. If a =
Anng M/N then a = Anng M/ N. Since the only independent set of M/N
is the empty set, we have dim M/ﬁ = dimR/d =0

Our next aim is to compute N from N and J N F of a submodule J of

F.

Definition 1.5.4 Let <, and <, be two monomial orders of K[z1,...,z,]
in x,,v € V resp. x,, u from the complement of V. We define now the
inverse block order < with respect to V on Klzq,...,z,] by

ik <gP2phe = oh <, oo

or 1 = gk and 2% <, ¥

The corresponding POT (position over term) module term order is de-
fined by

me; <nej <= 1 < j

ort = jandm<n

In the next theorem (taken from [Rut, Proposition 4.1]), we show how
to obtain a Grobner basis for the extension of a module.
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Theorem 1.5.5 Let B be a Grobner basis ob N with respect to <.
Then B is also a Grobner basis of N with respect to the corresponding
ordering.

Proof: To simplify the proof, we denote the x; € V by = and the variables
from the complement by y. Hence F = K[z,y|®* = @;_, K[z, y] - ¢; with
e1, ..., es the standard unit basis vectors. Furthermore let <,, <, the
corresponding orderings on K(y)[z]® resp. K(z)[y]®.

We only have to show that (Lt<,(B)) 2 Lt <,((B)). Let n € N and
suppose B = {G1, ..., G,}. Since B is a Grobner basis for N, we can write
n= 23:1 cjz"iyti Gy (w,y), where c; € K, such that

ey L (Giy) 2 2y IpL(Giy) = - > 27y Ip L (Gi,)
and lp_(n) = 2" y* Ip_(G},). Then there exists ¢y such that
ey IpL(Giy) = -+ = gyt Ip_ (G, ) > ety Ip (G Ly )-

Write

Gy, = a;, (y)z™ €s(i;) + lower terms in x with respect to <, .

Since we are using a POT inverse block ordering, {z'" i €s(i;)t 1s a de-

creasing sequence in K[xy,...,z,]°. Then exists t; > to such that
3 +8i Bty +1+06i
w e,y == T ey > At T e
Thus
t1
Li<,(n) = Y ey atia, (y)e™
Jj=1

t1
= (Y ewray) | -2t
j=1

as long as ( 21:1 ey’ a,;j(y)) # 0. But this is true, since

t1 to
. . Lto(n
Lty | D eyas () | = [ D e’ Lis, (ai,(v) | = M;-(ﬁ) # 0.
j=1 j=1 vy

Hence Lt<, (n) = 221:1 cjy"iati Lt <, (Gy;) and therefore we have Lt (n) €

ij

(Lt, (B)). 0

For retractions the situation is slightly more difficult:
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Definition 1.5.6 A denominator-free basis B of J C F is a set of elements
in F such that B
(B)=JCF.

We can construct a denominator-free basis from an arbitrary basis by
clearing denominators. For the next lemma, we will assume that < is a
well-ordering.

Lemma 1.5.7 Let B be a denominator-free Grobner basis of J C F and
c € R the product of the leading coefficients of the elements of B regarded
as polynomial vectors in F.
Then:
JNF = (B):r ().

Proof: Every element of (B) :x (c)* is in J and F, since c is invertible in
R. So we only have to show the inclusion: JNF C (B) :g (¢)*°. Suppose
now that f € JNF. We denote the elements of the Grobner basis B by

fu,v=1,..., m. Using the Normalform Algorithm we get:
m ~
f:Z§V~fV—i—r, with &, € R.
i=1

The algorithm requires only dividing by the leading coefficients lc(f,) of the
fv. Hence we can find z € R such that z- f = r mod (B) in R for a z which
is a unit in R that can be chosen to be a product of leading coefficients lc(f,)
of the f,. Since the f, form a Grébner basis we have » = 0 and therefore
z- f € (B). Furthermore 3k > 0 such that z|c* and hence c* - f € (B). So
f € (B):r (o). O

Finally we can summarize the results of this section and make some
additional conclusions:

Lemma 1.5.8 With the notation as above:
1. M/I(I is zero-dimensional.

2.
N :=NNM=N 1 (¢)®

is equidimensional of relative dimension dim Ann M/N.

If e is an integer such that ¢ - N’ C N, then

N =N'N (N +c°- M)

3. Let N = Ny - NNy be a minimal primary decomposition and F =
Klz1,...,2p]°. Then NNF = (N1NF)N---N(N;NF) is a minimal
primary decomposition.
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Proof:

1. Clear by the choice of the x, as maximal independent set.

2. By Lemma 1.5.7 we conclude:
NAM=NNFNM=N : ()°NM=N iy (¢)%

If the dimension of one of the primary components were strictly smaller
than dim AnnM/N = #{z, : v € V} then \/Ann M/NNK[z, : v €
V] # 0. Hence by Lemma 1.2.11 N’ is equal to the intersection of the
primary components corresponding to the minimal associated primes.

Let z € (N + ¢*M)NN’. Then x = n + ¢®*m, with n € N,m € M.
Since z is also in N’ = N : ¢, we have that ¢ € N and therefore
cfx = c*n+ **m € N. Hence m € N : ¢® = N : ¢¢, which means
that ¢®m € N, and finally z = n + ¢®m € N.

3. Let N = N; N ---N Ny be a minimal primary decomposition and
let s be such that s-m € N; N F C N; for some m € M. Since
the N; are primary we have s* - M C N;. Hence s* - M C N; N F
(because s € K[z1,...,z,]). Obviously we have p; N K[z1,...,z,] #
p;NK[z1,...,xy,] for i # j. It is left to prove that we cannot omit one
of the N;. We have to show that AssM/N = {p,:i=1, ..., t}. By
Lemma 1.4.1 and since this statement holds for ideals we only have to
show the following claim:

Annﬁ/ﬁ = (AnnM/(N N M)) ‘R

Let x € Annﬁ/ﬁ then z € R and z- M C N. Since M C M, z-M C
N and hence there exists a € K[z,, v € V] such that a-2-M C NNM.
Thus 2 € Ann M/(N N M) - R.

Conversely we have # € Ann M/(NNM)-R.. Hence a-z-M C NNM.
Therefore z- M is contained in the extension of N NM, which is equal
to N. So # € Ann M/N.

0

The Case of Ann M/N = (0)

Unlike the case of the zero ideal a module with Ann M /N = (0) need not to
be not primary. Indeed it is quasi-primary with isolated prime (0). Consider
for example the module

() )()(2)

We can reduce this kind of modules to a zero-dimensional (0)-primary
module using V' = {z1, ..., z,} as maximal independent set.



Chapter 2

The Algorithms

2.1 Gianni, Trager and Zacharias

In this section the algorithm of Gianni, Trager and Zacharias [GTZ] is de-
cribed. First we will follow Pfister and Greuel [GP] for the primary decom-
position of ideals, then formulate the more general results for the case of
modules. Later we will give an implementation of this algorithm in SINGU-
LAR! .

Since we can reduce the primary decomposition problem to the zero-
dimensional case by Lemma 1.5.8, we first need an algorithm for modules of
(relative) dimension zero.

2.1.1 Ideals of Dimension Zero

Let > be the lexicographical ordering defined by z1 > - -+ > z,. Since we
have dimM/N = 0 and dim M/N = dim(Ann M/N) = #{x, : v € V} for
a maximal independent set V, Ann M/N NKlz,] #0 forallv =1, ..., n.
So we may take one of the x,—say x,—for the following definition:

Definition 2.1.1 A maximal ideal m C K[z, ..., z,] is called in general po-
sition with respect to >, if m = (x14+91(xn), -+, Tno1+gn-1(zn), gn(zn))
for suitable polynomials g;. A zero-dimensional module N C M (resp. ideal
I C R) is called in general position with respect to >, if all associated
primes p1, ..., pi are in general position and if p; NK[z,] # p; NK[z,,], Vi #
j.

Remark Since we are dealing with zero-dimensional modules we have:
N C M is in general position <= AnnM/N is in general position (as
ideal).

!SINGULAR is available via web at http://singular.mathematik.uni-k1.de/

15
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The next proposition tells us, that every zero-dimensional ideal is iso-
morphic to an ideal in general position (given by almost all randomly chosen
maps). We will assume for this section, that the field K is of characteristic
0 or charK > 0.

Proposition 2.1.2 Let I C Kxy,...,z,] be a zero-dimensional ideal.

Then there is a Zariski open and dense subset U C K"~ ! such that for
alla= (a1, ..., apn—1) € U the map g, defined by oq(z;) = x; if i <n and
0a(Tn) = Tn+ 207 aiz; has the property that p,((I)) is in general position
with respect to >ez.

Proof: If p € AssM/N then p is maximal and hence the field k =
K[z1,...,2,]/p is a finite extension of K. By the Theorem of the Primitive
Element there exists a dense open subset U C K" ! such that for a =
(a1, ..., ap—1) € U the element z = x,, + E?:_ll a;x; is a primitive element
for the field extension.

Using the corresponding map ¢, we may assume that z, is a primitive
element, that is

Kz, zn]/p = Klzn]/(fo(zn))

for an irreducible polynomial f,(z). Now define f;(x,) by x; mod p =
fn(zy) and we obtain

(xl - fl(xn)a ey Tp—1 — fnfl(«rn)afn(l‘n)) =p.

The set of these generators is obviously a Grobner basis with the required
properties.

Let I=q1N---Ngs be a primary decomposition with associated primes
P1, ..., Ps, then o, (p;) are in general position with respect to >, for almost
all @ € K»1. On the other hand, the zero-set of I is just a set of s different
points which project to different points for almost all a. ]

The next proposition shows how to obtain a primary decomposition from
a zero-dimensional ideal in general position.

Proposition 2.1.3 Let I C Kzy,...,zy,] be a zero-dimensional ideal. Let
(9) =INK[zn],g =g* - 9" gi prime and g; # g; for i # j.
Then

k 3
1. I= ﬂi:l(I’g;j )-

2. If 1 is in general position with respect to >, then the (I,g;") are
primary ideals.

Proof: (2) Let I =gy N---Ngq; with associated primes pi, ..., p; and let
pi NKzy,] = (pi). Since I is in general position, p1, ..., p; are coprime and

therefore (M p; NK[z,] = N(p:) = (Hé:l pi>. On the other hand, INK]z,| =
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(g9) implies that g divides a power of H2:1 p;. Therefore | = k and that we
may assume g; = p; for i = 1, ..., s. Hence p; 2O (I,¢/") and p; 2 (I,¢%")
for i # j. Because of I C (I, g{*) we know that Ass (I, gy*) C Ass(I) and
therefore (2) is proved.

To prove (1) note that

s

INK[z,] = [ (Lg7*) NK[z)].
k=1

Let f € N gy"), f = fo +&g8" with f, € I, then g™ f = g™ f, + ¢, g for
v) — _9_
g _=

v
gv”

Let 39, mg") = 1, then

f = Znug(y)fu + <Z 77V€V> ge I,
v=1 v=1

which proves (1). O

Remark  None of the q; = (I,g;") can be omitted. If a g; could be

omitted, then g%i € INnK[z,] = (g), contradiction. Furthermore, we have

that /q; # ‘/qj:W # j since \/q; 3 gi, /q; > g; and g;, g; are coprime.
This means that the decomposition is minimal.

In the algorithm we try to obtain the generial position by a random
coordinate chance, but we cannot be sure in practice that the coordinate
change was random enough. So we need a test whether the (I,g;") are
primary and in general position:

Lemma 2.1.4 The zero-dimensional ideal ¢ C K[x1, ..., xz,] is primary and
in general position with respect to >je, if

1. g NK[zy,] = (g¥), gn irreducible.
2. For each i < n, q contains an element (x; + g;(xy,))".

Proof: m = ,/q is generated by irreducible elements and therefore prime.
Hence q is primary with the unique associated prime m = (z14¢1(zy), ... , Tn—1+
gn—1(Zn), gn(n)). By Definition 2.1.1, q is in general position. O

For q = (I, g;") the first condition is already fulfilled.

To check the second let f = {fi, ..., fs} be a minimal Grébner basis
of q such that Lt(f;) < Lt(fi+1),Vi. Then q N Kz,] = (f1) and f1 is the
power of an irreducible element g. Since q is zero-dimensional we know that
q NKJz;] # 0 and therefore there exists polynomials f1 = fi, , fi, ., -+ fiy
such that Lt(f;,) = le(fi,) - k. So we have to check in the second step

whether %fin,l = (Tn—1 + gn—1(zp))"»~* mod (g).
lc(fzn_l)
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Assume we have found ¢ = gn, gn—1, - -+ , Gn—k+1-
In the k-th step we have to check W i n = (@n—k + gn—r(zp))nF
n—k

mod (gnaxn—l + In—1, -+, Tn—k+1 + gnkarl)-

2.1.2 Modules of Dimension Zero

We ganz generalize the primary decomposition algorithm for zero-dimensional
ideals to the case of zero-dimensional modules. But before we can prove a
more general version of Proposition 2.1.3, we will need some lemmas. They

will show that there is a close relationship between the associated primes of
M/N and Ass (Ann M/N).

Lemma 2.1.5 Let M, N as before and h € R. Then
AnnM/(N : h) = (Ann M/N) : h.

Proof: Taker € R. Then r € Ann M/(N : h)

<— r-M C N:h
< h-r-M C N
<= h-r € AnnM/N
< r € (AnnM/N):h

O

Lemma 2.1.6 Let N be a zero-dimensional submodule of M and consider
the minimal primary decompositions Ann M/N = (Nq;, N = [N;, such
that the q; (resp. the N;) are the p;-primary components.

Then q; = Ann M[/N;.

Proof: Since N is zero-dimensional, we can find separators f; € p;, f ¢
pi, Vi # j for every p;. We know from Lemma 1.3.2 that

N : f* =N;,Ann(M/N) : f* = g;

and there exists e > 0 such that N : f¢ = N : f* Ann(M/N) : f¢ =
Ann(M/N) : f* because the modules are noetherian. Hence by Lemma
2.1.5: Ann M/N; = Ann M/(N : f¢) = Ann(M/N) : f¢ = q;. O

Proposition 2.1.7 Let N C K|z1,...,z,] be a zero-dimensional module
in general position with respect to >e.. Let (9) = Ann M/N N Klz,], g =
gt .. g%, gi prime and g; # g; for i # j and h; = Hi#jg;j.

Then N = ﬂle(N : hi) is the uniquely determined minimal primary
decomposition.
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Proof: Let N = (\N; be the minimal primary decomposition, which is
uniquely determined, since the only primes belonging to IN are the minimal
associated primes. Therefore no associated primes can be omitted. But
N : hz‘ = (ﬂN]) : hi = ﬂ(N] : h,) = NZ‘, because Ni : hi = Ni and
N;:h; =M ifi# j. Hence N : h; are the primary components of N.

We still have to show that p; # p; for ¢ # j. But this follows directly by
Lemma 2.1.6 from the case of ideals (Lemma 2.1.3). O

As in the case of ideals we need to apply a random coordinate change.
So we cannot be sure that the IN; are primary. But the following Corollary
(of Lemma 1.4.1) shows that we can test the annihilators instead of the
submodules.

Corollary 2.1.8 Let N be a zero-dimensional submodule of M. Then N is
a primary submodule if and only if Ann M /N is primary.

Proof: By Lemma 1.4.1 we get that minAss M /N = minAss(Ann M/N).
But in the zero-dimensional case all associated primes are minimal. Hence

AssM/N = {p} <= Ass(AnnM/N) = {p}. O

Remark We can use the primarity test for zero-dimensional ideals also as
a primarity test for zero-dimensional submodules!

Now we can write down the procedure for the zero-dimensional decom-
position:

Algorithm 2.1.1
ZeroDecMod(IN,M)

Input: A zero-dimensional submodule N C M
Output: The primary decomposition of N in M

e Result:=0,I:= Ann M/N

e Choose a random a € K*!

apply the random coordinate change:
I:=0,I),N :=¢,(N),M := p,(M)

o (G):=INKixy,)
e factorize G=g¢{* - ... - g/
e fori=1tot do

hi =197
N; :==N: h;, q; := (I, g;")
If the primarity test fails then Result = ResultUZeroDecMod(N;, M)
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else Result = Result U {(IN;, p;}

e return Result

In the programming language of SINGULAR it looks as follows (for the
case M = K[z1,...,2,]%). The optional argument is not needed for the
zero-dimensional decomposition. In the higher dimensional decomposition
it is used to avoid redundant components.

2.1.3 Modules of Higher Dimension

By Lemma 1.5.8 we can decompose the module N € M into an equidimen-
sional module N’ and another module N”. The primary components of N’
can be computed using reduction to dimension zero (via localization) and
ZeroDecMod. We can apply this to N once more, but we have to check
that this procedure terminates. Therefore we use induction on the number
of the maximal independent sets and dim M[/IN (i. e. the size of a maximal
independent set). If apply the first part of the algorithm to N using the
maximal independent set V, then V is not an independent set for N”. So
we reduce either the number of maximal independent sets or (if we have
used all maximal independent sets of N) the dimension.
Now we can formulate the complete algorithm using Lemma 1.5.8:

Algorithm 2.1.2
MoGTZ(N ,M)

Input: A submodule N C M
Output: The primary decomposition von N in M

e I:= Ann M/N, v := MaxIndepSet(I)
e Change ring to K(v)[z\v].

e Compute a Grobner Basis B = {G1, ..., Gs € (K[z1,...,2,])°} of N
(in K(v)[z\v]).

o h:=]]le(Gy)

e Compute e such that (B) : h¢ = (B) : h¢H!

e {(N;,p;)} := ZeroDecMod(N)

e Primary := {(N; "M, p; NK[z1,...,2,])}

e Primary := Primary UMoGTZ(N + h¢ - M)

e return Primary

In the language of SINGULAR, we have:
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2.1.4 Minimal Decomposition

Although the decomposition obtained by our algorithm is minimal for the
equidimensional part of the modules, we may get redundant components
from the decomposition of the module N+ h®-M. We avoid computing them
if we introduce a module check, which is the intersection of the components
computed before.

We give a revised version of the algorithm in the following way:

Algorithm 2.1.3
ZeroDecMin(N ,M], check])

Input: A zero-dimensional submodule N C M

optionally a module check
Output: A primary decomposition von N

e If check does not exist then check = M
e else If N C check then return

e Result :=,I:= Ann M/N

e Choose a random a € K"~!

e apply the random coordinate change:
I:=pu(I),N :=p.(N),M := ¢, (M)
o (G):=INKixy,)

e factorize G = g|* -

147

* 9t

e fori=1tot do

hi =11z 97"
N; =N : hi,qi == (I,9)")
If check 2 N;

If the primary test fails then Result = ResultUZeroDecMod(IN;, M)
else Result = Result U {(N;, p;}

e return Result
And the reduction to the zero-dimensional case:

Algorithm 2.1.4
MinGTZ (N, M|, check])

Input: A submodule N C M

optional a module check
Output: The primary decomposition von N
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o If check C I then return ()

e I:= Ann M/N, v := MaxIndepSet(I)

e Change ring to K(v)[z\v].

e Compute a Grobner B = {Gy, ..., G5 € (Klz1,...,2,))°} of N(in
K(v)[z\v]).

e h:=]]l(G))

e Compute e such that (B) : h¢ = (B) : h*T!

o {(N;,p;)} := ZeroDecMin(N)

e Primary := {(N; "M, p;) : N;  check}

e Primary := Primary U MIinGTZ(N + h¢ - M), M, check)

e return Primary

2.2 Shimoyama-Yokoyama

The Algorithm of Shimoyama and Yokoyama uses quotient computations to
separate the components corresponding to the isolated primes. In contrast
to the algorithm of Gianni, Trager and Zacharias, we do not cut down to
dimension zero in one step. The following generalization of the algorithm is
due to Grébe [Gri].

Before we start with the algorithm, we need the following definition:

Definition 2.2.1 Let L = {p1, ..., px} be the isolated primes of a sub-
module N C M. Then we call f; € R a separator and say f; separates p;

from L\{p;} if f; € p; for i # j, but f; & p;.

Remark The construction of the f; is easy. Lacking embedded primes, we
can find for each ¢ # j a polynomial p;; € p; but not contained in p;. Then
fi=1L 25 Dij has the desired property.

We start from a set of isolated primes and use ideal separation to com-
pute the corresponding primary decomposition. First we illustrate this for
modules without embedded primes.

Proposition 2.2.2 Let N € M be as above and assume that Ass M /N =
{p1, ..., pm} contains only isolated primes. Fori,j =1, ..., m we take
separators f; € R such that f; € p; if i # j, but f; & p;.
Then
N = ()N (f))

is a (minimal) primary decomposition of N in M.
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Proof: This is an immediate consequence of Lemma 1.3.2. O

If N has embedded primes, we can not separate the primes from each
other completely. But we can decompose N in a set of submodules of M
such that each of them has only one minimal associated prime.

Definition 2.2.3 A submodule N is called a quasi-p-primary submodule
in M, if N has a unique isolated prime p (and possibly embedded primes).

Following Griabe we can generalize the algorithm of to the case of mod-
ules.

Proposition 2.2.4 Let N C M be defined as above and assume that L :=
{p1, ..., pr} are the isolated primes of M/N. Take f; as separators of the
pi, Ni:=N v (fi)® and e; € M/N such that f{"N; C N.

Then:

1. N; s a quasi-p;-primary module in M.

2. The sets A; := AssM/N, = {p € AssM/N : f; ¢ p} are pairwise
disjoint.

3. For (J):= (fi*, ..., fi*) we have

N = (ﬂN) N(N+J-M).
This is a decomposition of N into quasi-primary components N; and
a component N' :=N +J-M C M of lower (relative) dimension.
Proof:

1. Let N = (1M, be a minimal primary decomposition. By definition
fi € pjfori# jand f; ¢ p;,Vi. Therefore f; vanishes on all associated
primes of M /N, not embedded in or equal to p; (and it may also vanish
on some of the primes strictly containing p;). By Lemma 1.3.2 a stable
quotient with respect to f; cuts off all such components:

N; =N om (£) =M« fi & 95}
Hence p; is the unique isolated prime of Nj;.

2. At most one of the separators is not contained in p € AssM/N by
construction of the f;.

3. Since N € N/ € M we conclude that dim M/N’ < dim M/N. Equal-
ity does not occur, because p 2 J and therefore (M/N'), = 0,Vp € L.

The remaining assertion follows as in the case of ideals: First we claim,

that N; v (fjj) — M,V # i:
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We have N; :m (fje”) O N M (f]e’) = Nj (since N; O N) and

N; M ( f;j) D N; (by the definition of the quotient). We conclude
by Lemma 1.1.5:

1

Ass (M/N; v (f]e]>> AssM/N, = A;

(
A%(NU m(f7)) 2 AssM/N, = 4
(M

U

= Ass (M/N <J>) D AinA;j=0

Hence M/N; : > has no associated primes and therefore the
module N; (f;j> can only be equal to M.
Ifz € (MN)N(N+JT-M), then x =n+3"; f*m; € (N, with n €
N,m; € M. Furthermore f;jmj € N; because N; :m (fjej> =
M, Vj # 4. But then f{'m; = x—n—> ., f{*m; € N;. Hence f;'m; €
N : (f{") and so ffeiml- € N, Vi, which means that m; € (N iz f7°) =
(N :m f{"). Thus f{'m; € NVi and finally x =n+ >, f7'm; € N.

O

It remains to decompose the quasi-primary components N;. Here we
apply reduction to dimension zero once more. So let us assume that M/N
has a unique isolated prlme p. Choose a maximal independent set {z,,v €
V} for N € M and let N, M etc. be as before the extension modules.

Lemma 2.2.5 Assume that B is a Grébner basis of N with respect to
an inverse module term block order with respect to V on F, B € B a
denominator-free Grobner basis for N and ¢ € R the product of the leading
coefficients of the elements of B' regarded as polynomial vectors in F.

Then

1.
N :=NNM =N : (¢)®

is the (uniquely determined) p-primary component of N in M.

2. If e is an integer such that ¢¢ - N’ C N, then
N =NN(N+c"M)

s a decomposition of N into a p-primary component and another mod-
ule of lower (relative) dimension.

Proof:



2.2. SHIMOYAMA-YOKOYAMA 25

1. By Lemma 1.5.8 N’ is equal to the p-primary component of N.

2. The decomposition follows again by Lemma 1.5.8. It is left to prove
that dimM/N" < dim M/N. But this follows from (M/N"), = 0
since ¢¢ ¢ p. The latter is true, because p = /AnnM/N and

VAnn M/N N (K[z, : v € V]/{0}) = 0.
O

Lemma 2.2.5 shows how to reduce the primary decomposition problem to
the decomposition of quasi-primary ideals. Hence we can state the following
procedure (cf. Grébe [Gri]):
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Algorithm 2.2.5
PrimDecA(N,M)

Input: A submodule N C M
Output: A primary decomposition of N in M

e Compute L := {p1, ..., px}, the list of isolated primes of M/IN as
isolated primes of Ann M/N.

e Fori:=1, ..., k compute polynomials f; € R separating L\{p;} from
Pi.

e Fori:=1, ..., k compute the quasi-primary components N; := N g (f;)°

as stable quotients and integers e; such that f/* - N; C N.

e return
U, PrimDecB(N;, M, p;)UPrimDecA(N’ := N+(f1*, ..., fi*)M, M)

Lemma 2.2.5 gives us a procedure for the decomposition of quasi-primary
ideals.

Algorithm 2.2.6
PrimDecB(IN,M,p)

Input: A quasi-primary submodule N C M, such that M/N has a unique

isolated prime p
Output: A primary decomposition of N in M

e Find a maximal relative independent set {z,,v € V} for N C M.

e Compute a Grobner basis B of N with respect to an inverse module term
block order with respect to V.

e Change to R, extract a minimal Grébner basis B’ C B of N and compute
c € R, the product of the leading coefficients of the elements of B’
regarded as polynomial vectors in F.

e Compute N':= N :p (¢)* and an integer e such that ¢*°N’ C N.

return {(IN’,p} U PrimDecA(N + ¢¢ - M, M).

Using these results we can formulate the following procedures in the
language of SINGULAR:
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2.2.1 Minimal Primary Decomposition

The primary decomposition computed by the algorithm need not to be mini-
mal. We can obtain a primary decomposition with pairwise different primes,
if we collect all the p-primary components with the same p and substitute
them by their intersection. But this decomposition may not be minimal at
all. The set of the computed primes may contain superfluous primes.

Some kind of minimality test is given by the following proposition.

Proposition 2.2.6 Let {(N;,M,p;) :i =1, ..., m} be a collection of p;-
primary modules N; C M, with p; # p;,Vi # j, such that N = (N; is an
possibly redundant primary decomposition of N in M, with pairwise different
primes p;.

Let f € R separate {p; Z p;} and compute M; := N 1\ (f)>°.

Then p; ¢ Ass (M/N) if and only if M; = M; :\ p5e.
Proof: f separates {p; < p;} from p,. Hence by Lemma 1.3.2 M; =
N :m () = ﬂ{pjgpi} N;. Again by Lemma 1.3.2 we conclude that
M; :p® = ﬂ{pjgpi}{NJ' cpi € opjt = ﬂ{pjgpi} N;. Therefore p; is a su-
perfluous prime if and only if M; = M, : p$° O

i -

We can write this as a procedure in SINGULAR as follows:
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Chapter 3

Implementation of the
Algorithms

In this chapter we compare different implementations of the algorithms de-
cribed in Chapter 2. First we discuss various improvements of the algorithm
based on Gianni, Trager and Zacharias, then we give detailed timing exam-
ples. Based an these we compare the implementations of the Algorithms
2.1.4 and 2.2.5 given in Section 2.1.3 and 2.2.1 on the one hand and the
additions of Section 3.1 on the other.

3.1 Improvements of the Algorithm

In the algorithm of Gianni, Trager and Zacharias we use random coordi-
nate change to obtain modules in general position. But random coordinate
change destroys sparseness and usually makes Grobner basis computation
very difficult. So to make this algorithm really efficient, it is necessary to do
some preprocessing to avoid random coordinate changes whenever possible.
We can generalize most of the tools known from the primary decomposition
of ideals to the case of modules. To illustrate the effect of these enhance-
ments easy examples are given and computed on the following test system: a
Linux-PC with AMD K6-III processor (400MHz), running SINGULAR 1-3-8.

3.1.1 Splitting of a Module

In this section we compute submodules (not necessarily primary) Ny, ..., Ng
of M, such that N = N; N --- N Ny and the primary decomposition of the
N; is easier to compute than the primary decomposition of N. First we
formulate a module version of the splitting tools given in [DGP, Chapter 2]:

29
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Lemma 3.1.1 (Splitting Tools) Let N be a submodule of M.

I.N= (N fON(N+f6-M) if N iy f¢ =N iy fo for some
feR.

2 N=(N+fMNN+f-M)iff-g€AnanM/N and (f,g) = (1).
Proof:

1. We prove analogously to the proof of Lemma 1.5.8:

Since N C (N :pm f€) and N C (N + f¢- M), we only have to show
the inclusion (N :pm f€) N (N 4 f¢-M) C N. Let x € (N o f€) N
(N 4+ f¢-M). Then z = n+ f°m, with n € N,m € M. Since x
is also contained in N : f*°, we have that f¢x € N and therefore
féxr = fen+ f?*m € N. Hence m € N : f* = N : f¢, which means
that f¢m € N, and finally x = n + fm € N.

2. Again we only need to show (N+f-M)N(N+¢g-M) C N. Let u,v € R
with u-f4+v-g = 1, and let x € (N4 f-M)N(N+g-M). Then there exist
ni,no € N and mq, mg € M, such that x =ni1 4+ f-m1 =no + g - mo.
Hence we can write:

f-mi-1 = f-mi-(u-fH+v-g)
(ng —n1+g-mo)(u-f+v-g)
(ng—mn1)-u-f+(f g)(v-mi+u-my)

Since f g € AnnM/N the last term is in N and therefore f - m;.
Thus x =ny+ f-mq € N.

0

We can now factorize generators of Ann M /IN and split the module as of-
ten as possible, before starting the algorithm. If the condition (f1, ..., fx) =
(1) is not fulfilled for the factors fi, ..., fi of f, we can still apply the sec-
ond tool to a suitable power of fi. Using Lemma 3.1.1 we produce as many
reducible modules as possible. This leads to the following preprocessing
algorithm (cf. [DGP, Algorithm 9]):

Algorithm 3.1.7

Split(IN)
Input: A zero-dimensional submodule N C M = K|z1,...,2,]°
Output: Two sets of of modules, Primary = {(Ny,p1), ..., (N,,px)} and

Rest = {Mj, ..., My}, such that N = ((\N;)N( M;), N; primary
with associated prime p;.

e Let Primary := () and Rest := ().
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e Factorize all generators of Ann M /N and split N and the resulting mod-
ules as often as possible.

e For each module obtained this way compute a Grobner basis with respect
to >ep induced by z1 > -+ > x,

e Test whether the modules are primary and in general position to x,:
Put detected primary modules to Primaryand the other modules to Rest

e return Primary, Rest

Since we do not need to decompose primary modules, it is useful to test
for primarity after every step. To avoid the difficult primary test of Lemma
2.1.4 we formulate a few lemmas, which help us to recognize some kinds of
primary submodules. By Lemma 1.4.1 we only need to check the annihilator
of a zero-dimensional module for primarity.

The following lemma decribes the prime test for zero-dimensional ideals:

Lemma 3.1.2 (Prime Test) A zero-dimensional ideal 1 is prime and in
general position with respect to >jep induced by x1 > -+ > x, if and only
if for a corresponding minimal Grobner basis G with {g} = G N K[zy], we
have deg(g) = dimg K[z1, ..., x,]/1 and g is irreducible.

Proof: If Iis in general position and prime then I = (21 — g1(zp), ... ,
Tn-1 + gn-1(xn), gn(xyn)), with g,(x,) irreducible and k = deg(gn(xy))-
Hence G N Kz,] = {gn(xn)} and the elements of K[z, ..., x,]/I (consid-
ered as a K-vector space) are generated by 1,xn,x,2” e :E,’i_l. Therefore
dimg Klz1, ..., z,]/I = deg(gn(zn)).

Conversely let g be such that deg(g(xy,)) = dimg K[z1,...,z,]/I with
g irreducible of degree k. Then we have an inclusion of the vector spaces

<1,£L’n, ceey x,’ffl> C Klzy,...,zy)/T with k = dimK<1,:Un, ceey :U,’ffl> <
dimg K[z1,...,2,]/T = k. Hence the vector spaces are equal and therefore
x; € <1,:En, cee :1;7";_1> mod I for all 4 = 1, ..., n — 1. Thus there exists
polynomials g1, ..., gn—1 € K[z,] such that z; = g¢;(z,) mod I. Hence
the ideal m = (z1 — g1(xn), - .-, Tn—1 — gn-1(zn), g(xy,)) is contained in I.
Since m is maximal, we have I = m and therefore I is prime and in general
position. [l

Corollary 3.1.3 Let N be a zero-dimensional submodule of M, a = Ann M/N
and g be a polynomial in K[z,] such that (g) = a N Kx,] with the factor-
ization g = fit - ... - fit. If deg(g(zn)) = dimg K[zy,...,z,]/a then
N=(N+/f"Mn ... N(N+f'-M) is a (minimal) primary decom-
position of Nwith associated primes p; = (a, f;).

Proof: By Lemma 3.1.1(1) we get N = (N+f{*-M)N- - -N(N+f;"-M). The
annihilator of M/(N+ f{*-M) is a+(f{*) fori = 1, ..., [—1. Asin the proof
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of Lemma 3.1.2 we can find polynomials ¢;,, ..., ¢;, , fori=1,... 1 —1,
such that (551 - gil(xn)7 ceey Tp—1 — gin—1(xn)afiei($n)) Ca+ (fzez) < p;.
Hence a + (f{") is primary with associated prime p;.

O

For some purposes it is be useful to consider the following lemma instead
of Lemma 3.1.2:

Lemma 3.1.4 Let I be a zero-dimensional ideal and G be a minimal Grob-
ner basis with respect to >e.. If g is an irreducible element of G with
deg(g) = dimg K[z1, ..., x,]/I then I is prime.

Proof: Since the G is a minimal Grobner basis, m ¢ Lt(I) for all monomials
m with m|Lt(g). Hence we have an inclusion of vector spaces: ({m € K|z, ..
K[z1,...,2,]/I. Let k be the degree of g and assume that there exist
xi, xj,1 # j such that z;, ;| Lt(g). Then #{m : m|Ltg} U {1} > k, which

is a contradiction to dimg K[z1,...,2,]/I = k. Therefore Lt(g) = ax¥
for some ring variable z; and K[zy,...,x,]/I = <1,a:i, e xf71>. Thus
there exist polynomials g; € K[z;] such that I = (z1 — g1(zi), ..., xi—1 —
Gi—1(x:), Tit1 — gi+1(Ti), Tn—1 — gn—1(x;), g) and therefore I is prime. O

Another check for primary modules is based on a test for homogeneous
ideals:

Lemma 3.1.5 Let I be a zero-dimensional ideal of R. If there exists a
homogeneous ideal J such that I C J C /T then I is primary with associated
prime (1, ..., Tn).

Proof: J is also zero-dimensional, hence there exist g; € J N K[z;] for

all i = 1,...,n. We can write ¢g; = akxf + -+ + ap with a; € R for
j=0, ..., k. Since J is a homogenous ideal, the homogeneous components
aj:):fj of g; are contained in J. Therefore x; € VI =+VIforalli= 1, ..., n
Thus VI = (x1, ..., x,) and I is primary. O

Now, we can use the Lemmas 3.1.2 and 3.1.5 to formulate the following
a priori test for primarity.

Algorithm 3.1.8
primTest(L, J,f)

Input: Two zero-dimensional ideals I, J in K[z1,...,z,] such that IC J C

VI and a polynomial f € I.
Output: If deg(f) = dimg K[y, ...,2,]/I then I is returned, else if I or J is

homogeneous /I, otherwise (0)

o Let p := (0) the zero-ideal in K[z1,...,x,].

S xn] :m|Ltg}) €
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o if deg(f) = dimg K[z, ...,2,]/I then p :=1
else

— if I or J is homogeneous then p := (21, ..., zy).

e return p.

In the language of SINGULAR we obtain:
Using the split and the primTest algorithm, we can write the following
procedure:

Remark Since N may be in general position with respect to z, by itself,
it is useful to test whether the obtained modules are primary and in general
position after the first splitting (cf. Appedix A, procedure preComp, line
1158).

Example

Let R = Zssoos[,y, 2, u,v), p= o' +y' + 2" +ul +o' + (@ +y+ 2 +ut o)t
be a polynomial in R and I = Jacobildeal(p). The computation time on the
test system without splitting is 38 seconds, but only 5 seconds otherwise.

3.1.2 Simplification of a Module

Let a be an ideal in the ring K[z1,...,x,]. If a contains a linear polynomial
[ with leading monomial x; (with respect to a suitable ordering), we can
reduce the number of generators and the number of ring variables and de-
compose a’ = a/(l) € K[z, ..., ®i—1,Tit1, - .. , Tp] instead of a. A primary
decomposition of a/(l) = q; N --- N g leads to a primary decomposition of
a namely a = (q,0) N---N(qx, ).

We will generalize this fact to the case of submodules of M using the
following lemma:

Lemma 3.1.6 Let N be a submodule of M and Ann M /N contains a linear
polynomial | with leading monomial z; (with respect to a suitable ordering).
If Ny N--- NNy is a minimal primary decomposition of N' =N /(I - M) in
M =MnK[zy, ..., Ti—1,Tit1, --- , Tn)® then N = (N7 +1-M)N---N
(N +1-M) is a minimal primary decomposition of N.

Proof: Since [ € Ann M/N, the module [ - M is a submodule of N and
hence N = (N'4+1-M) and N = (N;+7-M)N---N(Ng +1-M). Since
N; is a module in K[zq, ..., x;—1,%it1, --- , Tp]® we can write M'/N; =
(M/lL-M)/((N; +1-M)/l- M) and the latter is isomorphic to M/(IN; + [ -
M) by the Second Isomophism Theorem. By Lemma 1.1.5 we may assume
AssM'/N; = Ass M/(N;+1-M) and therefore (N; 4+ [ - M) is primary. The
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minimality of the decomposition in M follows from the minimality in M.
O

This leads to the following algorithm:

Algorithm 3.1.9
Simplification(N)

Input: A submodule N C M = K[z, ..., 2,]*
Output: A minimal primary decomposition of N C M

Let Ann M/N = (g1, ..., gx), I=10

fori:=1, ...,k

—forj:=1,...,n
if deg(g;) =1 and Lt(g;) = x; then ¥ =X U {g;}

o if #(X) = n then return {N, Ann M/N}.

e if #(X) > 0 then then map « is defined by:

quﬁu—m'gw if , = Lt(g,) fora g, € ¥

T, — x,, else.
e if #(X) = 0 then & is the identity map.

e Let {Ny,p1}, ..., {Nu,pm} be a minimal primary decomposition of
k(N).

e return {N; + X -M,p1}, ..., {N, +X-M,p,, }.

Now we can add the following lines at the beginning of the procedure of
section 2.1.3. If we use this addition in every iteration of the procedure,
this addition would cause an infinite loop. Hence we may only use this in
the first iteration of the algorithm. We can be sure about this by checking
for the non-existence of the module check (given by the optional parameter

#)-

The Case of One Variable

Since we are reducing the number of ring variables successively by one as
much as possible, we may reach the special case, when R is a polynomial
ring with one variable. In this case it would be useful to have special pro-
cedure. Since ideals in the ring K[z;] are trivially zero-dimensional and in
general position with respect to x1, we can skip the reduction to dimension
zero, random coordinate change and the primarity test, and formulate the
following algorithm:
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Algorithm 3.1.10
decOneVar(N)

Input: A submodule N C M = K[z]*
Output: The primary decomposition of N in M

o Let I:= AnnM/N and G such that (G) :=1
e factorize G=g¢{* - ... - g/

e fori=1tot do

hi =114 97
N; :=N: h;,p; = L g)
Result = Result U {(IN;, p;)}

e return Result

This in implemented in the following procedure:

Example

The following easy example demonstrates, how useful these subalgorithms
are: Let I =(z1 —1,..., 2, 2 —1,g9(xn_1),7, — 1) € R! be an ideal with
g € K[zy,—1] a polynomial, which is reducible.

By Lemma 3.1.6 we only need to decompose the ideal I' = (g(z,—1)) C
K[n,—1]. Using the decomposition for one variable we immediately get the
primary decomposition: I = ((g1) +a)N---N((gx) +a) withg=9¢1- ... gk
the factorization of g and a = (x1 — 1, ..., p—2 — 1,2, — 1).

Using the test system (take e.g. n = 11 and g = (¥2_; — z,_1)%) the
computation lasts for two minutes without the subalgorithm, but doesn’t
need any recognizable time with the subalgorithm.

Remark Obviously the ideal I is in general position with respect to x,_1,
but the algorithm tries to find a linear coordinate change such that the
obtained module is in general position with respect to x,. But this is very
hard to compute in this case.

3.1.3 Minimal Saturation

In section 1.5 we use saturation to compute the recontractions of mod-
ules. We have seen that we can find a polynomial ¢ € R such that N =
N’ N (N 4 ¢¢ - M) with N’ := NN M = N :p (¢)® and e is an integer such
that c¢¢-IN’ C N. But ¢® may be of large degree and so the decomposition of
(N + ¢ - M) will become very diffithecult. Therefore we need to compute a
factor g of ¢ such that g is of minimal degree with N :pp (¢)*° =N :p (9).
Then N = N'N (N +¢g-M).

We can compute g with the following procedures:
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3.1.4 Minimal Standard basis

We know from Theorem 1.5.5, that a Grobner basis B of the module N is
also a Grobner basis of the extension module N. But B is usually not a
minimal Grobner basis. But additional generators make computation of the
primary decomposition difficult. The following lemma gives the idea for a
procedure, which deletes superfluous elements from a standard basis.

Lemma 3.1.7 Let N be a submodule of M and B be a Grobner basis of N
with respect to a well-ordering. g is a superfluous element of the Gréobner
basis if and only if there exists an element f € B such that Lt(f)|Lt(g).

Proof: Let g be a superfluous element. Hence Lt(g) € (Lt(G\{g})) and
therefore there exists f € G such that Lt(f)| Lt(g).

Conversely let Lt(f) = ajate,, Lt(g) = z%ate, and f = a1zt 4+ r1,9 =
asT?x? + r9. Since we are using a well-ordering, we can choose 71,79 such
that Lt(f) resp. Lt(g) do not divide the terms of 71, resp. ro. Then s :=
a2 f — g = a%ry — ro € (B) by Buchberger’s Criterion for Submodules (e.g.
[CLO2, Theorem 2.9]). Since terms of s are not divisble by Lt(g) we have
s € (B\{g}) and therefore g = 2¥f — s € (B\{g}). Hence (B) = (B\{g}).
Furthermore we know that Lt(g) = Lt(f) and hence (Lt(B)) = (Lt(B\{g}))-

g

Using this test we can formulate an algorithm to extract a minimal Grob-
ner bases from a given Grobner basis. If the basis elements f and g have
the same leading term, we have two choices. To make the further computa-
tion easier we will keep the element with the smaller number of terms. This
motivates to formulate the following algorithm:

Algorithm 3.1.11
ClearStandardBasis(G)

Input: A Grobner basis G = {g1, ..., gr}, such that Lt(g1) < --- < Lt(gx)
Output: A minimal Grobner basis G’ C G
o Let G =G.

e for (gi, g;) with g;,g; € G’ such that i < j
— Let m; - ey, = Lt(g;) and m; - e,; = Lt(g;).
— Ify; = Vj and mi|mj then
 if Lt(g;) = Lt(g;) and g;, g; have the same number of terms.

then G' = G"\{¢:}
else G' = G'\{y;}

e return (.

In the language of SINGULAR we obtain:
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Example

The following examples illustrates, how useful the extraction of a minimal
Grdébner basis is:

Let R = Zsaoosla,b,c,d,e, f] and I € R be an ideal such that I =
(a%cdf?, b2cdf?, a?bdf?, b3df?, a3df?, ab®df?, a*cde, b*cde, a*bde, b2 de, a’de,
ab®de, a®cd?, b%cd?, a®bd?, b3d?, a3d?, ab®d?, a2 f2, 622 f2, a’bef?, bPef?,
adef?, ab’cf?,a®b? f2,0* f2,a3bf2,ab® f2,a* f?). 1 has five primary compo-
nents of dimension 4, 4, 3, 3, resp. 2 and corresponding associated primes
p1 C ps and po C pg C p5. The plain version of the algorithm needs 2.5
seconds to compute the primary decomposition. If we add the procedure
above, the computation time is 1.2 seconds. This is caused by the fact, that
a Grobner basis of I in R considered as a denomiator-free Grobner basis
of I in f{, has many redundant generators. E.g. if we take the maximal
independent set V' = {a, b, c, e} then I= (df?,d, f2).

3.1.5 Maximal Independent Sets

In section 1.5 the dimension of the submodule N of M is reduced to zero
by using the extension N of N defined by the ring map Klzy,...,z,] —
K(zy,v € V)[zyu, p ¢ V] for a maximal independent set V. To get a complete
primary decomposition we decompose N into the equidimensional module
N’ = N NM and another module N”. If N is a quasi-primary module
then N” is of lower relative dimension by Lemma 2.2.5. But we cannot
be sure about this in general. Indeed, if the dim M/N"” = dimM/N all
maximal independent sets of N are maximal independent sets of N, but V'
is not a maximal independent set of N” any more. It is easier to compute
all maximal independent sets (and even the independent sets, which cannot
be enhanced) in the first step of the algorithm than computing a maximal
independent set at each step of the algorithm. We can enhance the algorithm
of section 2.1.3 as follows:

Algorithm 3.1.12
GTZalllnd(N M)

Input: A submodule N C M
Output: The primary decomposition von N in M

e Let V the set of all maximal independent sets of Ann M/N, N’ =N
and result= 0.

e While dim(N’) = dim(NN)

— Take V €V and denote {z,,v € V} by v.
— Change ring to K(v)[z\v].
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— Compute a Grébner Basis B = {G1, ..., G5 € (K[x1,...,2,])°}
of N’ (in K(v)[z\v]).

h = []1c(Gy)

Compute e such that (B) : h* = (B) : h*t!

{(N;,p;)} := ZeroDecMod(N’)

— Result = Result U {(N; "M, p; NKlz1,...,z,])}

- N =N +h°-Mand V =V\{v}

e Result = Result U GTZalllnd(N’)

e return Result

After using all maximal independent sets, we can also use the independent
sets, which cannot be enhanced, to reduce N’ to a zero-dimensional module
(cf. procedure GTZopt in Appendix A, line 572).

Example
Let R =Q[z1, ..., Z10, Y1, - - - , Y10] and consider the module N
X 0 Y1 0
0 : 0 :
N = R : N N : C R,
: 0 : 0
0 z10 0 Y10

The module N is of dimension 18 and has ten maximal independent sets
Vi = {x1, ..., z10,y1, -+, y10}\{@i,vi}, Ve = 1, ..., 10 and decomposes
into 10 primary modules:

(e, (zi,yi) - €5,5 #14),¥Vi=1, ..., 10, with e, the v unit vector

If we compute only one maximal independent set in the first step of the
algorithm, the computation time using the test system is 37 seconds. If we
compute and save all maximal independent sets in the beginning, the time
is 22 seconds.

3.2 Comparison of the Implementations

In this section we compare the implementations of the algorithms, discussed
in Chapter 2 and the last section. The comparison is based on a series
of 11 suitable examples. They are computed again on a Linux-PC (with
AMD K6-IIT 400MHz processor) running SINGULAR 1-3-8. Some of the
examples are ideals of K[z, ..., z,], which had been used to test the primary
decomposition of ideals. In this case we can compare the timing results
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with timings using procedures of the SINGULAR-Library primdec.lib. We
can generate examples of modules N C R?® for s > 1 using ideal examples:
N=IxJCRZand N = (a-R2+I ><J) C R?, for some ideals a,I,J C R
Finally we derive examples from matrices with mathematical or physical
meaning.

Examples

1.

Let R = Zsao0s[a,b,c,d,e, f] and T € R be an ideal such that I =
(a®cdf?, b?cdf?, a?bdf?, b3df?, a3df?, ab’df?, a*cde, b*cde, a*bde, b3 de,
alde, ab*de, a’cd?, b*cd?, a®bd?, b3d?, a>d?, ab’d?, a®c? f2, b2 f2?,
GQbCfQ, bBCfQ, a30f2, ab2cf2, a2b2f2, b4f2,a3bf2, ab3f2, a4f2)

I has five primary components of dimension 4, 4, 3, 3, resp. 2 and
corresponding associated primes p; C p3 and pa C pyg C Pps5.

- R = Zs003[a,b], N = << Z > ’< —C;Q ))

N is equidimensional of dimension 5 and has two components:

(G EDAC)-G)-())

R = Zgpoos[r,y, 2,u, 0], p = 24yt +2t dut bt + (2 4yt auto)t T =
Jacobildeal(p). It decomposes into 15 zero-dimensional components
and one embedded component of dimension 1.

. R =Q[z,y,2], I = (z%y, 2%, y%2,23) (cf. [Gril]). T has three primary

components of dimension 1, 1, resp. 0 with corresponding associated
primes p; C p3 and p2 C ps.

. R =Q[z,y,2], I = (zy,9? yz) (cf. [Gri]) J has two primary compo-

nents of dimension 2, resp. 0, with embedded associated primes

IxJ = (22y,22%,9%2,2%) x (zy,9%,y2) C Q[z,y,2]>. N has four
primary components of dimension 2, 1, 1, resp. 0, with corresponding
associated primes p; C p3 C p4 and ps C py.

R = Zssosla,b,c,d,e, f], N = (de + cf,be + af,bcf — adf, f3g +
ef,cdf’g — clef,adf*q — acef,abf?q — a’ef,cd’fg + f, ad’fg +
ac®f,abdfg + a’cf,ab®fg + a®f) x (de + cf,be + af,bef — adf, f3g +
er, d2f29 + C2f2, bdf2.9 + acf2, b2f2g + a2f2) - Z32003[a> b,c,d,e, f]2

N has six primary components of dimension 5, 4, 4, 4, 3, 3 with
corresponding associated primes p; C pg C ps, p2 C p5 and p; C pg.
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10.

11.

3. IMPLEMENTATION OF THE ALGORITHMS

. R =Qx,y,2], N = (2y?2? — xy?z + wy2? — vyz, 2%y2? — 2%yz, 2932 +

nyZ, 562y2,z7 a:y4 — :zyQ, x2y3 — x2y2, :c3y2 + x3yz - a:?’y, :U4y — 2x3yz +
323y + 32292 —16001zy> — 160012y?, 2% 2% —16001xtyz — 2222 + 22323 +
422y23 +16001zty — 1600023y 2 — 22322 — 422y 2% 4+ 2223 4 1600023y +
1600022y% — 8001zy® — 2222 — 8001xy?, 2°22 + 8000z yz + 22422 —
80004y —8003z3yz + 2322 — 1222y 22 +800323y + 80032212 — 4000zy> +
1202y2 —4000zy?, 272+ 2202 — 22t 2 — 232) x (32 + wy?2, 22922, 2yt —
xy?, 22y — 2%y? 2y’ — wy?2? 4wy — xy?, 22y — 2?y2? atyz —
23yz? 4+ 203y — 22y2? + 2lyz, P2+ 1t + atzr 4+ 20322 — 2B+ 2222 —
22z, 2ty 4+ 323y? + 32%y% — 160012y — 1600122, x223 — 2122 422323 +
4a?y23 — 22322 — da?y2? + 2223 — 2222, 25y + 3%y + 3ty + 23y)

N has one primary component of dimension 2, four of dimension 1
and five of dimension 0 with corresponding associated primes p; C ps;

p1 € pa € ps, Py; P2 € p7, P9, P10; P5 € Ps, P1o-

ay by

. The tensor product of two vectors | a9 and bo is defined by

as ba
al bl al b2 al bg
the matrix asb1  asgby  asbs
a3b1 as b2 a3b3

This motivates to decompose the module

a1by a1by a1b3 ay
N = asby |, | agbs |, | a2bs = as N(b1, ba, b3) R?
asby asbo asbs as

The inertial tensor of a point mass (of mass 1) at the point (x,y, 2)
motivates to consider the module

y2 + 22 xry Tz
N = Ty N e Yz
Tz Yz 2+ y2

N has three primary components of dimension 2 with associated primes

(), (1), (2).

If we identify a1, as, as with a, b, ¢ and by, bs, b3 with x,y, 2z we can in-
tersect the modules of Example 9 and 10:

z3y?2%¢ 3y%2%b z3y%2%a
N = z2y32%¢ || 2?2322 |, | 2%y32%a
z2y?23¢ z2y%23b z2y%23a
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In the table below we give the timings (in seconds) for the examples
above computed on the test system. “oc” means that the computation was
stopped after 600 seconds. In the first rows the timings for the computation
of a minimal primary decomposition by different implementations are given.

1 2 3 4

a) module SY 3.80 | 0.16 6.12 | 0.18
b)  SY mit fact Groebner | 2.33 | 0.18 | 6.34 | 0.12
c) not opt GTZ 2.51 | 0.04 | 38.04 | 0.08
d) + clrSBmod 1.17 | 0.06 | 34.42 | 0.09
e) + precomp (split) 2711 0.05 | 5.23 | 0.08
f) -+ minsatmod 2.80 | 0.06 | 38.19 | 0.10
g) + Simpl 4.71 | 0.05 | 38.10 | 0.10
h) + all max indep 1.23 | 0.06 | 36.03 | 0.10
i) opt GTZ 1.20 | 0.06 4.12 | 0.10
j) ideal by GTZ 1.30 -| 1.69 | 0.10
k) ideal by SY 0.55 - | 13.13 | 0.10
1) minAssPrime(ann) 1.63 | 0.06 | 1.90 | 0.10
m)  with fact Groebner | 0.08 | 0.08 | 1.55 | 0.04
5 6 7 8 9 10 11

a) | 0.26 | 0.38 | 18.66 1.46 | 1.40 | 0.58 00
b) | 0.19 | 0.23 | 18.74 1.06 | 1.41 | 0.51 16.87
¢) | 0.06 | 0.16 3.48 8.99 | 1.60 | 0.21 | 261.38
d) | 0.06 | 0.22 | 1.30 | 11.53 | 0.90 | 0.22 3.30
e) | 0.07 | 0.18 3.84 | 11.02 | 1.80 | 0.20 00
f) 0.07 | 0.26 1.11 | 11.42 | 0.50 | 0.33 3.12
g) | 0.09 | 0.24 6.97 | 10.19 | 3.14 | 0.31 | 287.12
h) | 0.08 | 0.19 0.98 | 12.70 | 0.40 | 0.24 3.26
i) |0.07|0.21 | 1.00 | 899 | 0.43 | 0.25 2.78
j) | 0.10 - - - - - -
k) | 0.09 - - - - - -
) | 0.10 | 0.18 - 047 lo11| 043
m) | 0.02 | 0.04 - o007 -1 005| 054

In three (of eleven) examples the algorithm based on the approach of
Shimoyama and Yokoyama is faster than the plain algorithm based on Gi-
anni, Trager and Zacharias, in particular if the factorizing Grobner basis
algorithm is used (cf. [Grd]) to compute the minimal associated primes. The
factorizing Grobner algorithm is usually very efficient (but can be very time-
consuming in a few cases, cf. [DGP]). But if we add the improvements of
Section 3.1 to the plain algorithm, usually the resulting procedure becomes
faster, even faster than the procedure based on Shimoyama/Yokoyama. But
the examples show, that there is no unique strategy for the computation
of the primary decomposition of modules. This coincides with the results
known from the primary decomposition of ideals. (cf. [DGP]).
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Appendix A

The Singular Library
modec.1lib

Table of Procedures

annil (N) 842
clrSBmod (N) 1914
declvar (N[, check[, ann]]) 1670
getData(N, 1[,i]) 2278
GTZmod (N[, check]) 573
GTZopt (N[, check[, ann]]) 1383
indSet (i) 1300
lem_chr(i, j) 760
minSatMod (N, I) 1969
modDec (N[, il) 344
ModulesEqual (N1,N2) 2259
preComp (N, check[, ann]) 1160
prepareSat (N) 747
PrimdecA(N[,i]) 114
PrimdecB(N, p) 200
primTest(i[, pl) 1107
quotMinMod (N, fac, f) 2032
sep(1) 99

specialModulesEqual(N1,N2) 2100
splitting(N[,check[, ann]]) 871
stdModulesEqual (N1,N2) 2214
zeroMod (N[, check]) 433
zeroOpt (N[, check[, ann]]) 1707

43
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// $Id: modec.lib $
[111711711777717777717/77/7777777

A. THE SINGULAR LIBRARY modec.lib

[1171777777777777777777777177777777771777177177777

// modec.lib //
// algorithms for primary decomposition for modules based on //
// the algorithms of Gianni, Trager and Zacharias and //
// Shimoyama and Yokoyama (generalization suggested by //
// the ideas of Hans-Gert Grédbe, Leipzig ) //
// using elments of primdec.lib //
// written by Alexander Dreyer //
// //

[1177117177777117777717/77/7777777
version="$Id: modec.lib,v 1.00

info="
LIBRARY: modec.lib  PROCEDURES
AUTHORS: Alexander Dreyer, dre

PROCEDURES:
sep(1);
PrimdecA(N[,i]);

PrimdecB(N, p);
modDec (N[, il);
zeroMod (N[, check]);
GTZmod (N[, check]) ;

decivar(N[,check[, annll);
annil(N);
splitting(N[,check[, ann]]);
primTest(il, pl); t
preComp (N, check[, ann]);
indSet (i) ;

GTZopt (N[,check[, ann]l);
zeroOpt (N[,check[, annll);
clrSBmod (N) ;

minSatMod(N, I);
specialModulesEqual (N1,N2);

stdModulesEqual (N1,N2) ;
ModulesEqual (N1,N2);
getData(N, 1[,i]);

REMARK :
These procedures are implemente

[117777777777777777777777177777777777/717177177777

2001/04/26 dreyer Exp $";

FOR PRIMARY DECOMPOSITION OF MODULES
yer@mathematik.uni-kl.de; adreyer@web.de

computes a list of separators of prime ideals
(not necessarily minimal) primary decomposition
via Shimoyama/Yokoyama (suggested by Graebe)
(not necessarily minimal) primary decomposition
for pseudo-primary ideals

minimal primary decomposition

via Shimoyama/Yokoyama (suggested by Graebe)
minimal zero-dimensional primary decomposition
via Gianni, Trager and Zacharias

minimal primary decomposition

via Gianni, Trager and Zacharias

primary decomposition for one variable

the annihilator of M/N in the basering
splitting to simpler modules

ests whether i is prime or homogeneous

enhanced Version of splitting

lists with varstrings of(in)dependend variables
a faster version of GTZmod

a faster version of zerolMod

extracts an minimal SB from a SB

minimal saturation of N w.r.t. I

checks for equality of standard bases of modules
if N1 is contained in N2 or vice versa

checks for equality of standard bases

checks for equality of modules

extracts oldData and computes the remaining data

d to be used in characteristic O.

@*They also work in positive characteristic >> 0.

©@xIn small characteristic and f

or algebraic extensions, the

procedures cia Gianni Trage, Zacharias may not terminate.

n.
H

LIB "primdec.lib";
LIB "ring.1lib";
LIB "standard.lib";

11111117117117117117177111777777
// sep(1)

I117177777771777777777771177777777771177777777

// computes a list of separators for a list of prime ideals
// it in a generalization of parts of pseudo_prim_dec_i from primdec.lib
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II1711777777777777777777777777777777777777777777771177777777771771117177777717

proc sep (list @L)

"USAGE: sep(1l); list 1 of prime ideals

RETURN: 1list seplist;
a list of separators of the prime ideals in 1,
i.e. polynomials p_ij, s.th. p_ij is in 1[j],
for all 1[j] not contained in 1[i]
but p_ij is not in 1[i]

EXAMPLE: example sep; shows an example

n

ideal p_ij; // generating p_ij in @L[@j], not in QL[@i]

45

list f_i; // generating f_i NOT in @L[@i], but in all @L[@j]

int @i,@j,ek;
int sizeL=size(QL);

for(@i=1;Q@i<=sizel;Qi++)
{
p-1j=0;
eL[eil=std(eL[eil);
for(Q@j=1;Q@j<=sizeL;@j++) // compute the seperator sep_i
// of the i-th component

// f_i separates {Pj not incl in Pi} from Pi

{

if (@i!=@j) // searching for g: not in @L[@i], but @L[@j]

{
for (@k=1;@k<=ncols(QL[@]]) ;@k++)
{
if (NF(@L[@j] [ek],eL[ei],1) !=0)
{
p_ij=p_ij+eL[@j] [ek];
break;
}
}
}
}
f_i=f_i+list(lem(p_ij));
}
return(f_i);
}
example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2),dp;
ideal i=(x2y,xz2,y2z,z3);
list l=minAssPrimes(i,1);
list sepL=sep(l);
sepL;
}

11777777177777777777777777777777777777777777777777777777177777777717/71717777777
// PrimdecA(N[,i])

// computes a primary decomposition, not necessarily minimal,

// using a generalization of the algorithm of Schimoyama/Yokoyama,

// suggested by Hans-Gerd Graebe, Leipzig

// [Hans-Gert Graebe, Minimal Primary Decompostion

// and Factorized Groebner Bases, AAECC 8, 265-278 (1997)]
1171777771777777777777777777777777777777777777777777777771777777777717/7717777777

proc PrimdecA(module @N, list #)
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"USAGE: PrimdecA (N[, il]); module N, int i
RETURN: 1list 1
a (not necessarily minimal) primary decomposition of N
computed by a generalized version of
the algorithm of Schimoyama/Yokoyama,
130 if i=1 is given, the factorizing Groebner is used
to compute the isolated primes.

EXAMPLE: example PrimdecA; shows an example
n

module @M=freemodule (nrows(@N)) ; // @M=basering"k
ideal ann=annil(@N); // the annihilator of @N
I111777777777777177777777777777777777777777777777777777777177777
// in the trivial case we avoid to compute anything
140 II11177777777777777777777777777777777777777777777777777777177777

if (ann[1]==1)
{

return(list());
}
II11777777777777177777777777777777777777777777777777777777177777
// Computation of the Associated Primes
I111777777777777777777777777777777777777777777777777777777177777
if (ann[1]==0)
{

150 list pr=list(ideal(0));

}
else
{

list pr = minAssPrimes(ann, #);

// causes message "/ ** redefining @res *x" if #[1]=1

}

list sp, pprimary; // the separators and the pseudo-primary modules

int @i;

ideal rest; // for the computation of the remaining components
160 sp=sep(pr) ;

int sizeSp=size(sp); // the number of separators

I111177777777777777777777777777777777777777777777777777777177777
// Computation of the pseudo-primary modules
// and an ideal rest s.th. @N is the intersection of the
// pseudo-primary modules and @N+rest*@M
L11177777777777777777777777777777777777777777777777777777777/7777
for(@i=1;Q@i<=sizeSp;0i++)
{
170 pprimary=pprimary+list(sat(@N,sp[@i]));
rest=rest+sp[@i] "pprimary[@i] [2];
}

list result; // a primary decomposition of @N

LI11117777717777777777771777777777771777777777777177771717177777717
// Extraction of the pseudo-primary modules
LI11177777777777777777717777777777777777777777771777711177777717
for (@i=1;@i<=size(pprimary);@i++)
{

180 result=result+PrimdecB(pprimary[@i] [1],pr[@i]);
}

I111777777771777177777777777777777777777777777777777777771777777
// Computation of remaining components

[111777777717777777777771777777777777117717777777711717117777777/

result=result+PrimdecA (@N+rest*QM) ;
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return(result);
}
example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2),dp;
module N=x*gen(1)+ y*gen(2),
x*gen(1)-x2*gen(2) ;
list 1=PrimdecA(N);
1;

LIITTIL07T707777077777777777777777777177177777777777777771777771777717777177
// PrimdecB(N, p)

// computes a primary decomposition, not necessarily minimal,

// of a pseudo-primary module N with isolated prime p

// it is based on extraction in primdec.lib

II1111177777777777777777777777777777717777777777771777777777771777111777777117

proc PrimdecB(module @N, ideal isoPrim)
"USAGE: PrimdecB (N, p); pseudo-primary module N, isolated prime ideal p
RETURN: 1list 1
a (not necessarily minimal) primary decomposition of N
EXAMPLE: example PrimdecB; shows an example

n

module @M=freemodule (nrows(@N)); // @M=basering"k
ideal ann=annil(@N); // the annihilator of @N

[117777777777777777777777777777777777777777777777777/777777/777777
// the not-that-trivial case of ann==
[1117777777777777777777777777777777777777777777777771777777/777777
if (size(ann)==0)
{

def BAS=basering;

execute("ring Rloc=("+charstr(basering)+","+varstr(basering)+"),

dummy, ("+ordstr (basering)+");");
module @N=imap(BAS, @N);
poly @qg=prepareSat (QN);

setring BAS;

poly @g=imap(Rloc, @q);

list satu=sat(@N,Qq);

if (satu[2]==0)

{
return(list(1list(@N,ideal(0))));

}

else

{
return(list(list(satul[1],ideal(0)))+ PrimdecA(@N+(@q satul[2])*@M));

}

¥

1177777771777777777777777777777777777777777777777777777777777777
// Extraction of the isolated component @N’ and

// searching for a polynomial @f of minimal degree

// s.th. @N=intersect(@N’, ON+Qf*QM)
1177777771777777777777777777777777777777777777777777777777777777
list indSets=indepSet(ann,0);

poly @f;
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if (size(indSets) !=0) //check, whether dim isoPrim !=0

250 {

intvec indVec; // a maximal independent set of variables

// modulo isoPrim

string QU; // the independent variables

string QA; // the dependent variables

int @Qj,Qk;

int szA; // the size of @A

int degf;

ideal Qg;

list polys;
260 int sizePolys;

list newPoly;

I117777777111777777777777777777777777777777777777777777717777777
// the preparation of the quotient ring
I117777777777777777777777777777777777777777777777777777177777777
def BAS=basering;

for (@k=1;@k<=size(indSets) ;Qk++)

{
indVec=indSets [@k] ;
270 for (@j=1;@j<=nvars(BAS);@j++)
{
if (indVec[@jl==1)
{
QU=Q@U+varstr(@j)+",";
¥
else
{
Q@A=@A+varstr(@j)+",";
szA++;
280 ¥
}
QU[size(@U)]=")"; // we compute the extractor (w.r.t. QU)
execute ("ring RAU="+charstr(basering)+", ("+Q@A+@U+", (C,dp("+string(szA)+"),dp);");
module ON=std(imap (BAS,@N));
// this is also a standard basis in (R[U]) [A]
@A[size(@A)]=")";
execute ("ring Rloc=("+charstr(basering)+","+@U+", ("+@A+", (C,dp);");
ideal @N=imap (RAU,@N);
290 ideal @h;
for(@j=ncols(@N);@j>=1;@j--)
{
@h[@jl=leadcoef(@N[@j]l); // comsider I in (R(U))[A]
}
setring BAS;
Q@g=imap(Rloc,@h);
kill RAU,Rloc;
Qu="";
@A="";
300 szA=0;
@f=1cm(Qg) ;
newPoly[1]=0f;
polys=polys+newPoly;
newPoly=1ist();
}

@f=polys[1];

degf=deg(Qf) ;

sizePolys=size(polys);

for (@k=2;0@k<=sizePolys;Q@k++)
310 {
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if (deg(polys[@k])<degf)

{
//Wéhlt das poly mit dem geringsten Grad.
@f=polys[@k];
degf=deg(@f) ;

if (ef!=1)
{
list satu = minSatMod(@N,@f);
return(list(list(satul[1],isoPrim))+ PrimdecA(@N+satu[2]*@M));
// list satu = sat(@N,@f);
//return(list(list(satul[1],isoPrim))+ PrimdecA(@N+@f “satu[2]*@M));
}
else
{
return(list(list(@N,isoPrim)));
}
}
example
{ "EXAMPLE:"; echo = 2;
ring r=0,(x,y,2z),dp;
module N=y*gen(1),y2*gen(2),yz*gen(2),yx*gen(2);

ideal p=y;
list 1=PrimdecB(N,p);
1;

}

I1177777777777777777777777777777777777777777777777777777177777777777177777777
// modDec(N[,il])

// extracts a minimal primary decomposition from the

// primary decomposition computed by PrimdecA(N[, il])

// using a Minimality Test suggested by Hans-Gerd Graebe, Leipzig
LIT1LLL77777177777777777777777777777777777777777777777777777771777111777777177

proc modDec(module @N, list #)
"USAGE: modDec (N[, i]); module N, int i
RETURN: 1list 1
a minimal primary decomposition of N
computed by an generalized version of
the algorithm of Schimoyama/Yokoyama,
if i=1 is given, the factorizing Groebner is used
EXAMPLE: example modDec; shows an example
{
list prim = PrimdecA(@N, #);
int @i,Qj,@k,0Ql1;
int sizePrim=size(prim);

[11717717777777777777777777777777777777/7777777/7777777177/7/77/7777
// the trivial case
[1177717777771777777777777777/777777777777/77/7777777/7777/77/7/77/777
if (sizePrim==0)
{

return(list(list(@N, ideal(1))));
}
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II11777777777777777777777777777777777777777777777777777777777777
// collect primary components with the same associated prime
// and substitute them by their intersection
L111177777777777777777777777777777777777777777777777777777777777
for(@i=1;@i<=sizePrim;Qi++)

{
for(@j=0i+1;@j<=sizePrim;@j++)
{
if (@j!=ei)
{
if (idealsEqual(prim[@i][2],prim[@j-@1][2])==1)
{
prim[@i] [1]1=intersect (prim[@i] [1],prim[@j-@1] [1]);
prim=delete(prim,@j-@1);
Ql++;
sizePrim--;
}
}
}
}
I111777777777777777777777777777777777777777777777777777777777777
// minimality test suggested by Graebe:
// if f separates the prime p from the primes not contained in p,
// then p is not in Ass(M/N) <=> sat(N,f)=sat(sat(N,f),p)
I111777777777777177777777777777777777777777777777777777777177777
list tempList;
for(@i=1;@i<=sizePrim;Qi++)
{
tempList=tempList+list(prim[@i] [2]);
}
list sepPrimes=sep(tempList); // the separators of the primes
tempList=1ist();
for(Qi=1;Q@i<=sizePrim;Qi++) // compute sat(N,f), for all separators f
{
tempList=tempList+list(sat(@N,sepPrimes[@i]) [1]);
}
module testMod;
@k=0;
for(Qi=1;@i<=sizePrim;Qi++)
{
testMod=sat (tempList[@i] ,,prim[@i-@k] [2]) [1]; // computes sat(sat(N,f),p)
if (size (NF(testMod,std(tempList[@i]),1))==0) // tests if equal to sat(N,f)
{
prim=delete(prim,@i-@k); // if yes: the component
Qk++; // is superfluous
}
}
return(prim) ;
}
example

{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2z),dp;
module N=x*gen(1l)+ y*gen(2),
x*gen(1)-x2*gen(2);
list l=modDec(N);
1;
}

[11771771777777177777777777777777777777/77777777777777/77/777777/7777777/77/777/
// zeroMod (N[, check])
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// computes a minimal primary decomposition of a zero-dimensional Module

// using a generalized version of the algorithm of

// Gianni, Trager and Zacharias, suggested by Alexander Dreyer

// [Diploma Thesis, University of Kaiserslautern, 2001]
LIITTIL0TT707777077777777777777777777777777777777777177771777777777717777177

proc zeroMod (module @N, list #)
"USAGE: zeroMod (N[, check]); zero-dimensional module N[, module check]
RETURN: 1list 1
the minimal primary decomposition of a zero-dimensional module N,
computed by a gernalized version of the algorithm
of Gianni, Trager and Zacharias
NOTE: if the parameter check is given, only components
not containing check are computed

EXAMPLE: example zeroMod; shows an example
n

{

I17777777177777777777777777777777777777777777777777777777777777/
// the module check is needed to compute a minimal decomposition
// components containing check are ignored
II11717777777777777777777777777777777777177777777777117771777777
if (size(#)>0)
{

module check=#[1];

if (size(NF(check,std(@N),1))==0)

{

return(list());

}
}
else
{

module check=freemodule (nrows(@N));

}

[117177777177777777777771777777777777777777777777777/777777/777777
// the ordering is changed to lex
[177177777777777717777777777777777777777777777777777/777777/77777/
def BAS = basering;

changeord("@R","1p");

module @N=fetch(BAS,@N);

int nVar=nvars(@R);

module @M=freemodule (nrows(@N)); // @M=basering"k
ideal ann=std(quotient(@N,@M)); // the annihilator of @M/@N
int @k;

list result, rest;
ideal primary, prim;
module primMod;

1177777771177777777777777777777777777777777777777777777777777777

// the random coordnate change and its inverse
1177777777777777777777777777777777777777777777777777777777777777
option(redSB);

ideal prepMap=maxideal(l);

prepMap [nVar]=0;

prepMap [nVar]=(random(100,1,nVar) *transpose (prepMap)) [1,1]+var (nVar) ;
map phi=0OR,prepMap;

prepMap [nVar]=2*var (nVar)-prepMap [nVar] ;

map invphi=OR,prepMap;

ideal @j=std(phi(ann));

list fac=factorize(@j[1],2); // factorization of the 1st elt. in Ann(@N)
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1171777777777777777777717777777777/77777777777777/777/7/777777777777/
// Case: 1st element irreducible
[1111777777177777777777777777777/77777777777777/777/7777/777////7777
if (size(fac[2])==1)
{

prim=primaryTest (@j,fac[1] [1]);

prim=invphi (prim) ;

setring BAS;

@N=std (@N) ;

ideal prim=std(imap(@R,prim));

kill @R;

if (prim!=0)

{

return(list(list(@N,prim)));

}

else

{

return(zeroMod (@GN, check)) ;
}
}

I111177777777777777777777777777777777777777777777777777777177777
// Computation of the - hopefully primary - modules
// their annihilators and associated primes
I111777777777777177777777777777777777777777777777777777777177777
poly @p, Gh;
module check;
for (Q@k=1;Q@k<=size(fac[1]);0k++)
{
@p=fac[1] [6k] “fac[2] [@k];
©h=ej[1]/@p;
primMod=std(quotient (phi(@N),®@h));
check=imap (BAS, check) ;
check=phi (check) ;
if (size(NF(check,primMod,1))>0)
{
primary=std(@j+@p) ;
// test if the modules were primary and in general position
prim=primaryTest (primary,fac[1] [@k]);
if (prim==0)
{
rest[size(rest)+1]=invphi (primMod) ;
}
else
{
result[size(result)+1]=1list(std(invphi(primMod)),std(invphi(prim)));
}

}
}

1171717777717777777777777777771777777777/777777/777177777177177777
// the bad cases

LI11177777177777777777777777777777777777177777771777171177777717

for (Q@k=1; @k<=size(rest) ;Qk++)
{

result = result+zeroMod(rest[@k],invphi(check));
}

option(noredSB) ;

1ib
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setring BAS;
list result=imap(@R, result);
kill @R;
return(result);
}
example
{ "EXAMPLE:"; echo = 2;
ring r=0,z,dp;
module N=z*gen(1), (z-1)*gen(2), (z+1)*gen(3);
list l=zeroMod(N);
1;

LIITTI0077707777077777777777771777717777177777717777177777777771777717777777
// GTZmod (N[, check])

// computes a minimal primary decomposition of N

// using a generalized version of the algorithm of

// Gianni, Trager and Zacharias, suggested by Alexander Dreyer

// [Diploma Thesis, University of Kaiserslautern, Germany, 2001]

LII11117777777777777777777777777777777777777777777177777777777177711777777117

proc GTZmod (module @N, list #)

"USAGE: GTZmod (N[, check]); module N[, module check]

RETURN: 1list 1
the minimal primary decomposition of the module N,
computed by a gernalized version of the algorithm
of Gianny, Trager and Zacharias

NOTE: if the parameter check is given, only components
not containing check are computed

EXAMPLE: example GTZmod; shows an example

n

{
if (size(@N)==0)
{
return(list(@N,ideal(0)));
}

IIITT1177771777777777777777777177777777777717717177171771717777
// the module check is needed to compute a minimal decomposition
// components containing check are ignored
III1T7077770777777777777717777777777777777777717177171771717777
if (size(#)>0)
{

module check=#[1];

if (size(NF(check,std(@N),1))==0)

{
return(list());

}
¥
else
{

module check= freemodule (nrows(@N));
}

module @M=freemodule(nrows(@N));

def BAS = basering;

int Q@j;

int nVar=nvars (BAS);

int @k;

string QU; // the independent variables
string ©@A; // the dependent variables
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@N=std (@N) ;
ideal ann=std(quotient(@N,@M)); // the annihilator of @M/G@N

[1717177777177777777777717777777777777777777777777777/77777777777
// the trivial and the zero-dimensional case
[1717777777777777777777777777777777777777777777771777/77777777777
int Ndim=dim(@N);
if ((Ndim==0) | | (Ndim==-1))
{

return(zeroMod (@N, check));
}

I111177777777777777777777777777777777777777777777777777777177777
// the not-that-trivial case of ann==
II11117777777777777777777777777777777777777777777777777777717777
if (size(ann)==0)
{
execute ("ring Rloc=("+charstr(basering)+","+varstr(basering)+"),
dummy, ("+ordstr (basering)+");");
module @N=imap(BAS, @N);
poly @g=prepareSat (@N);

setring BAS;
poly @g=imap(Rloc, @q);
list satu=sat(@N,Qq);
if (satu[2]==0)
{
return(list(list(@N,ideal(0))));
}
else
{
check=intersect (check,satul1]);
return(list(list(satul1],ideal(0)))+GTZmod (@N+(@q~satu[2])*@M,check));
}
}

I111777777777777777777777777777777777777777777777777777777777777
// the preparation of the quotient ring
II11777777777777177777777777777777777777777777777777777777177777

intvec indVec=indepSet(ann);

int szA;
for (@k=1;Q@k<=size(indVec) ;Qk++)
{
if (indVec[@k]==1)
{
QU=Q@U+varstr(Qk)+",";
}
else
{
@A=QA+varstr(Q@k)+",";
szA++;
}
}
@U[size(@QU)]=")"; // we compute the extractor (w.r.t. @U)

execute("ring RAU="+charstr(basering)+", ("+@A+QU+", (C,dp("+string(szA)+"),dp);");
module @N=std(imap(BAS,@N)); // this is also a standard basis in (R[U]) [A]
QA[size(@A)]=")";

execute("ring Rloc=("+charstr(basering)+","+QU+", ("+@A+",(C,dp);");

module @N=imap (RAU,@N);

kill RAU;
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1177777717777777777777777777777777777777777777777777777777777777
// the zero-dimensional decomposition
1177777771177777777777777777777777777777777777777777777777777777
list gprim=zeroMod(@N, imap(BAS,check));

II11177777777777177777777777777777777777777777777777771717177777
// preparation for saturation
1177771717777777777777777777777777777777777777777777777777777777
poly @qg=prepareSat (@N);
if (size(qprim)==0)
{
setring BAS;
poly @q=imap(Rloc,@q);
kill Rloc;
@q=Qq~sat (@N,Qq) [2];
if (deg(@q)>0)
{
return(GTZmod (@N+@q*@M, check) ) ;
}
else
{
return(list());
}
}

list @p;
for (@k=1;0k<=size(qprim) ;Qk++)
{
@p[@k]=1list (prepareSat (qprim[@k] [1]),prepareSat (qprim[@k] [2]1));
}

117777777177777777777777777777777777777777777777777777777777777/
// compute the recontractions
// back in the original ring
1177777771177777777777777777777777777777777777777777777777777777
setring BAS;
list @p=imap(Rloc,@p);
list gprim=imap(Rloc,qprim);
poly @g=imap(Rloc,@q) ;
kill Rloc;
for (@k=1;0k<=size(qprim) ; @k++)
{
gprim[@k]=1ist (sat(qprim[@k] [1],@pl[ek] [1]) [1],
sat (gprim[@k] [2],@p[ek] [2]) [1]1);
check=intersect (check,qprim[@k] [1]);
}
0q=0q~sat (@N,@q) [2];
if (deg(@q)>0)
{
qprim=qprim+GTZmod (@N+@q*@M, check) ;
}

return(gprim) ;

example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,z),dp;

module N=x*gen(1)+ y*gen(2),
x*gen(1)-x2*gen(2) ;

list 1=GTZmod(N);

1;

95
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proc prepareSat(module @N, list #)

{
int @k;
poly @p=leadcoef(@N[1]);
for (Q@k=2;Q@k<=size(@N) ;Qk++)
{
@p=lcm_chr(@p,leadcoef (@N[@k])) ;
// @p=@p*leadcoef (@N[@k]) ;
}
return(@p) ;
}

proc lcm_chr(poly @i, poly @j)

{

def LBAS = basering;
if (npars(basering)==0)
{

string strg="";
}
else
{

if (nvars(basering)==0)

{

string strg=parstr(basering);

}

else

{

string strg=parstr(basering)+",";

}
}
execute("ring PRing="+string(char(basering))+", ("+strg+varstr(basering)+") ,dp");
ideal @a=ideal (imap(LBAS,@i),imap(LBAS,@j));
poly @p=lcm(@a);
setring LBAS;
poly @p=imap(PRing,@p);
kill PRing;
return(@p) ;

}

II111177777777777777777777777777777777771777777777777777717777777177777
// The optimized procedures and procdures needed for this optimization

LI171077777777777777777777777777777777771777777777777777117777777177777

1117177771777777777777777777777777777777777777/7/7777777/777777/777777777/7/7777/
// testit (N, 1)

// a small procedure, which checks whether

// N=intersect(1[1][1],...,1[size(1)]I[1])

// and whether annil(1[i]l[1]) is primary

// Just for testing the procedures.

II111177777777777777777777777777777777777777777777717771777777777111177777777

proc testit (module N, list #)
"USAGE: testit (N, 1); module N, list 1
EXAMPLE: example testit; shows an example
n
{

if (size(#)==0)

{
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return()
¥
int i;
list 1=#;
module nn=freemodule(nrows(N));
module M=freemodule (nrows(N));

for(i=1;i<=size(1l);i++)
{
nn=intersect(nn,1[i] [1]);
if ((size(decomp(quotient(1[i][1],M)))>2)&&(size(1[i][2])>0))
{
"nicht primary obwohl erkannt!";
1[i];std(quotient(1[i] [1],M));std(radical(quotient(1[i][1],M)));
pause() ;
}
}
int j,k;
j=size(NF(nn,std(N),1));
k=size(NF(N,std(nn),1));
if ((j!'=0) |1 (k!=0))
{
"testit fehler!!!";
pause() ;
}
}
example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z),dp;
module N=x*gen(1)+ y*gen(2),
x*gen(1)-x2*gen(2) ;
list 1=GTZmod(N);
testit (N,1);
}

II1117777777777777777777777777777777777777777777771177777777771771171777777117
// annil (N)
// computes the annihilator of M/N in the basering

IIT1111777777777777777777777777777777777777777777777777777777777771177777771717

proc annil (module N)
"USAGE: annil(N); modul N
RETURN: ideal ann=std(quotient(N,freemodule(nrows(N))));
the annihilator of M/N in the basering

NOTE: ann is a std basis in the basering
EXAMPLE: example annil; shows an example

{

intvec optionsVec=option(get);

option (returnSB);

ideal ann=quotient(N,freemodule(nrows(N)));

attrib (ann, "isSB",1);

option (set,optionsVec);

return(ann) ;

}

example

{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,2z),dp;

module N=x*gen(1), y*gen(2);

ideal ann=annil(N);
ann;

57
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II1111777777777777777777777777777777777777777777777777777777777777777777777
splitting(N[,check[, ann]])
INPUT: a zero-dimensional module N, module check, ideal ann=annil (N)
splitting computes an list of modules
using the factorization of the elements of annil(N)
s.th. N is equal to the intersections of these modules
A prim test is used to check if the modules are primary
OUTPUT: (1, check)
LI11117777777777777777777777777777777777777777711777777777771777117177777777

oc splitting (module @N, list #)

"USAGE: splitting(N[,check[, ann]]); modul N, module check, ideal ann

58
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TURN: (1, check) list 1, module check
the elements of 1 consists of a triple with
[1] of type module [2] and [3] of type ideal
s.th. the intersection of the modules is equal to the
zero-dimensional module N, furthermore 1[j][3]=annil(1[j][1])
if 1[j][2]!=0 then the module 1[j][1] is primary
with associated prime 1[j][2],
and check=intersect(check, 1[j][1]) is computed
TE: if the parameter check is given, only components not containing
check are computed; if ann is given, ann is used instead of annil(N)
AMPLE: example splitting; shows an example

ideal ann; module check, @M; int checked;
(ann, check, @M,checked)=getData(@N,#);
if (checked)
{
return(list());
}
if (size (#)>=3)
{
ideal splitPrime=#[3];
}
else
{
ideal splitPrime=ann;

}

list fact, result, splitTemp;
int @i,Qk,Qj,szFact;
for (Q@i=1;@i<=size(ann);Q@i++)
{
fact=factor(ann[@i]);
szFact=size(fact[2]);
// if the element is the power of an irreducible element
if (szFact==1)
{
if (vdim(ann)==deg(ann[@i]))
{
splitPrime=interred(splitPrime+ideal (fact[1][1]));
result=result+list(list(@N,splitPrime,ann,splitPrime));
}
else
{
splitPrime=interred(splitPrime+ideal (fact[1][1]));
if (homog(splitPrime))
{
result=result+list(list(@N,maxideal(l),ann,splitPrime));

}
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}
}
else
{
if (gcdTest (fact[1])) // Case: (f1,...,fk)=(1)
{
(splitTemp, check)=sp1(@N,fact,check,ann,splitPrime);
result=result+splitTemp;
}
else
{
// if the element is not irreducible
(splitTemp, check)=sp2(@N,fact[1][1],check,ann,splitPrime);
result=result+splitTemp;
}
}

}
@i=1;Q@k=size(result);

L111777777777777777777777777777777777777777777777777777777777777
// delete multiple Modules
II11177777777777177777777777777777777777777777777777777777777777
while (@i<=@k)

{
Qj=1;
while(Qj<=0i-1)
{
if (stdModulesEqual (result[@j][1],result[@k] [1]))
{
result=delete(result,@i);
Qk--;Q@i--;break;
}
Qj++;
}
Qi++;
¥
list rest;

@i=1;@k=size(result);

[1171177777117777777777777777777777777/7777177777/7777177/777777/7
// if not primary then split the obtained modules once again
[11777771777777177777777777777777717777/77777777777777/77/7777/77/7
while (@i<=@k)

{

if (size(result([@i] [2])==0)

{
rest=rest+list(list(result[@i] [1],result[@i] [3],result[@i][4]));
result=delete(result,@i);

Qk--;Qi--;

}

else

{
check=intersect (check,result[@i] [1]);

}

Qi++;

}
for(@i=1;0Qi<=size(rest) ;@i++)
{

(splitTemp,check)=splitting(rest[@i] [1],check,rest[@i][2],rest[@i][3]);

result=result+splitTemp;

}
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if (size(result)==0)
{
result=1ist(list(@N,ideal(0),ann,ann));

}
return(result, check);

}

example

1000 { "EXAMPLE:"; echo = 2;

ring r=0,z,1p;
module N=z*gen(1), (z+1)*gen(2);
N=std(N);
list 1; module check;
(1, check)=splitting(N);
1;
check;

1010 II11177777777777777777777777777777777777777777777777777777777777
// spl: splits a module as follows
// (N+fxg*M)=intersect ((N+£*M), (N+g*M)) if (f,g)=(1)
II111077777177777777777717777777777777777177777777777171177777717

static proc spl(module @N,list fact,list #)
{
ideal ann; module check, @M; int @i;
(ann, check, @M, Q@i)=getData(@N, #);
if (size (#)>=3)
1020 {
ideal splitPrime=#[3];
}
else
{
ideal splitPrime=ann;
}
list pr;
module splitMod;
ideal splitAnn, prim, tempPrime;
1030 for(Qi=1;Qi<=size(fact[2]);Qi++)
{
splitMod=std (@N+(fact[1] [@i] “fact[2] [@i])*@M) ;
if (size (NF(check,splitMod,1))>0)
{
splitAnn=std(ann, (fact[1] [@i] “fact[2] [@i]));
tempPrime=interred(splitPrime+ideal (fact[1] [@i]));
prim=primTest (splitAnn,fact[1] [@i],tempPrime);
pr=pr+list(list(splitMod,prim,splitAnn,tempPrime));
if (size(prim)>0)

1040 {
check=intersect (check,splitMod);
}
}
}
return (pr, check);
}

I11111777771777777777777177777777777717777777777711171117777777/
// sp2: splits a module as follows

1050 // N=intersect ((N:f), (N+f*M))
J117111177117771177711777711777117771177717777111771117711177117

static proc sp2(module @N, poly p, list #)
{
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ideal ann; module check, @M; int Qi;
(ann, check, @M, Q@i)=getData(@N, #);
if (size (#)>=3)
{
ideal splitPrime=#[3];
}
else
{
ideal splitPrime=ann;
}
list fact=sat(@N, p);
list splitList;
ideal splitAnn, prim, tempPrime;
if (fact[2]>0)

module ni=std(@N+(p~fact[2]*@M));
module n2=fact[1];

if (size(NF(check,n1,1))>0)

{

splitAnn=std(ann+ideal(p~fact[2]));
tempPrime=interred(splitPrime+ideal(p));
prim=primTest (tempPrime) ;

splitList=1ist(list(nl, prim, splitAnn,tempPrime));
if (size(prim)>0)

{

check=intersect (check, ni);

}

}

if (size (NF(check,n2,1))>0)
{

splitAnn=annil(n2) ;

prim=primTest (splitAnn);
splitList=splitList+list(list(n2,prim,splitAnn,splitAnn));
if (size(prim)>0)

check=intersect (check, n2);
}
}
return(splitList, check);
}
else
{
return (list(list(@N,ideal(0),ideal(0))), check);
}

II11117777777777777777777777777777777777777777777711777777777771771171777777117
// primTest(il, pl)

// tests whether i is prime or homogeneous

// is both cases radical(i) is returned

III11117777777777777777777777777777777777777777777177777777777177711777777117

proc primTest(ideal id, list #)
"USAGE: primTest(i[, p[, j11); a zero-dimensional ideal i,
irreducible poly p in i
RETURN: if i vdim(i)=deg(f) then i is returned
else if i or j is homogeneous radical(i)
else (0)
EXAMPLE: example primTest; shows an example
n
{

ideal tempPrime;
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int testTempPrime;
if (size(#)>0)

poly @p=#[1];
if (size(#)>1)
{
tempPrime=#[2] ;
testTempPrime=1;
}
}
else
{
poly @p=0;

}
ideal prim=ideal(0);
if ((size (#)>0)&&(vdim(id)==deg(@p)))
{
prim=id;
}
else
{
if ((homog(id)) || ((testTempPrime)&& (homog(tempPrime))))
{
prim=maxideal(1);
}
}
return (prim);
}
example
{ "EXAMPLE:"; echo=2;
ring r=0, (x,y,2),1p;
ideal i=x+1,y-1,z;
i=std(i);
ideal primId=primTest(i,z);
primld;

i=x,z2,yz,y2;
i=std(i);
primId=primTest(i);
primld;

}

1177777717777777777777777777777777777777777777777777777777777777/77717/777777777
// preComp(N, check[, ann])

// preComp is an enhanced version of splitting,

// but before computing splitting the first element of std(annil(N))

// is factorized and the obtained modules are tested for primarity

II1111777777777777777777777777777777777777777777777177777777777177171177777717

proc preComp (module @N, list #)
"USAGE: preComp(N,check[, ann]); modul N, module check, ideal ann
RETURN: (1, check) list 1, module check
the elements of 1 consists of a triple with
[1] of type module [2] and [3] of type ideal
s.th. the intersection of the modules is equal to the
zero-dimensional module N, furthermore 1[j][3]=annil(1[j][1])
if 1[j][2]!=0 then the module 1[j][1] is primary
with associated prime 1[j][2],
and check=intersect(check, 1[j][1]) is computed
NOTE: only components not containing check are computed;
if ann is given, ann is used instead of annil(N)
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EXAMPLE: example preComp; shows an example

n

{

def BAS=basering;

changeord("@R","C,1p");

module @N=std(imap(BAS,@N));

ideal ann; module check, @M; int @k;

(ann, check, @M, @k)=getData(@N,imap(BAS,#),1);
list act,primary;

ideal primid,helpid;

module primmod;

[171711717777177777777177777777777777777/7777777/777/7177777/777777/
// the first element of the standardbase is factorized
[117711717777177177777777777777777777777/7777177771777177/777117//
if (deg(ann[1])>0)
{

act=factor(ann[1]);
}
else
{

setring BAS;

module check=imap (@R, check);

kill OR;

return(list(), check);
}

[117177777177777177777777777777777777777777777777777/777777/777777
// with the factors new modules are created

// (hopefully the primary decomposition)
[177117777177777177777777777777777777777777777777777777777777777

if (size(act[1])>1) // Case: act[1] not irreducible
{

for (@k=1;@k<=size(act[1]) ;Q@k++)

{

primmod=std (@N+(act [1] [@k] ~act [2] [@k])*EM) ;
if (size(NF(check,primmod,1))>0)
{
primid=std(ann,act[1] [@k] “act[2] [@k]);
if ((act[2] [@k]==1)&&(vdim(primid)==deg(act [1] [€k])))
{
primary = primary+list(list(primmod,primid,primid));
}
else
{
helpid=primid;
primid=primaryTest (primid,act[1] [ek]);
primary = primary+list(list(primmod,primid,helpid));
}
}
if (size(primid)>0)
{
check=intersect (check, primmod);
}
}
}
else // Case: act[1] irreducible
{
primid=ann;
primmod=QN;

if (size(NF(check,primmod,1))>0)
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if ((act[2] [1]==1)&& (vdim(primid)==deg(act[1]1[1])))
{
primary = primary+list(list(primmod,primid,primid));
}
else
{
primid = primaryTest(primid,act[1][1]);
primary = primary+list(list(primmod,primid,ann));
}
if (size(primid)>0)
{
check=intersect (check, primmod) ;
}
}
}

if (size(primary)==0)
{
setring BAS;
module check=imap(@R,check);
kill @R;
return(list(), check);
}

I111777777777777777777777777777777777777777777777777777777777777
// the modules which are not primary are splitted
I111777777777777177777777777777777777777777777777777777777177777
list splitTemp;
int sz=size(primary);
Qk=1;
while (@k<=sz)
{
if (size(primary[@k] [2])==0)
{
(splitTemp, check)=splitting(primary[@k][1],check,primary[@k][3]);
primary = delete(primary, @k)+splitTemp;
Qk--;s2--;
}
Qk++;
}

setring BAS;
list primary=imap(@R,primary);
module check=imap(@R,check);
kill @R;
return(primary,check) ;

}

example

{ "EXAMPLE:"; echo = 2;
ring r=0,z,1p;
module N=z*gen(1), (z+1)*gen(2);
N=std(N);
list 1; module check;
(1, check)=preComp(N,freemodule(2));
1;
check;

}

117777777777777777777777777777777777777777777777777777777777777777/77/777777777
// indSet (i)
// based on independendSet from primdec.lib
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proc indSet (ideal @j)

"USAGE: indSet(i); i ideal

RETURN: 1list with two entrees
both are lists of new varstrings with the dependend variables
the independent set, the ordstring with the corresp. block ordering,
and the integer where the independent set starts in the varstring

NOTE: the first entry gives the strings for all maximal independend sets
the second gives the strings for the independend sets,
which cannot be enhanced

EXAMPLE: example indSet; shows an example

n

{

int n,k,di;

int jdim=dim(@j);
list maxind, rest,hilf;
string varl,var2;
list v=indepSet(@j,1);

for(n=1;n<=size(v) ;n++)

{

di=0;

varl="";

var2="";

for (k=1;k<=size(v[n]) ;k++)

if (v[n] [k]!'=0)

{
di++;
var2=var2+string(var(k))+",";
}
else
{
varl=varl+string(var(k))+",";
}
}
if (di>0)

vari=varl[1..size(var1l)-1];
var2=var2[1..size(var2)-1];
hilf[1]=vari;
hilf[2]=var2;
hilf [3]="(C,dp("+string(nvars(basering)-di)+"),dp)";
//"1p("+string(nvars(basering)-di)+") ,dp("+string(di)+")";
hilf [4]=di;
if (di==jdim)
{
maxind=maxind+list (hilf);
}
else
{
rest=rest+list(hilf);
}

else

if (jdim==0)

{

maxind=maxind+list(varstr(basering) ,"dummy",ordstr(basering),0);

}
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else
{
rest=rest+list(varstr(basering) ,"dummy",ordstr(basering),0);
}
resu[n]=varstr(basering) ,ordstr(basering),0;
1370 }
}
return(list(maxind,rest));
}
example
{ "EXAMPLE:"; echo = 2;
ring s1=(0,x,y),(a,b,c,d,e,f,g),1p;
ideal i=ea-fbg,fa+be,ec-fdg,fc+de;
i=std(i);
list 1=indSet(i);
1380 1;
}

[1177777717777777777777777777777777777777777777777777777/7777777/7/777777/7/77777/
// GTZopt(N[,check[, ann]])

// a faster version of GTZMod
[117717717177777177777777777777777777777/77777777777777/777/77777777777777/777777/

proc GTZopt (module @N, list #);
"USAGE: GTZopt (N[, check]); module N[, module check]
1390  RETURN: 1list 1

the minimal primary decomposition of the module N,
computed by a generalized and optimized version of
the algorithm of Gianny, Trager and Zacharias

NOTE: if the parameter check is given, only components
not containing check are computed

EXAMPLE: example GTZmod; shows an example

{
@N=std (@N) ;
1400 if (size(@N)==0)
{
return(list (@N,ideal(0)));
}

II11777777777777777777777777777777777777777777777777777777177777
// the module check is needed to compute a minimal decomposition
// components containing check are ignored
LI111777771777777777777177777777777777777777777717777171177777717
ideal ann; module check, @M; int checked;

1410 (ann, check, @M, checked)=getData(@N, #);
if (checked)
{

return(list());

}

I111777777777777777777777777777777777777777777777777771771177777
// if ann is zero-dimensional and homogeneous
// then it is primary with associated prime maxideal(1)

LI1117777777777777777777777777777777777717777777177711177777717

1420 if ((homog(ann)==1)&&(dim(ann)==0))
{
return(list(list(@N,maxideal(1))));
}

[111177777717777777777771777777777777117777777777711717117777777/

// the not-that-trivial case of ann==
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[117717177771771777777777777777771777777/7777777777/777177/777777//

def BAS = basering;

if (size(ann)==0) //check, whether ann=0

{

execute ("ring Rloc=("+charstr(basering)+","+varstr(basering)+"),
dummy , ("+ordstr (basering)+");");

module @N=clrSBmod(imap(BAS, @N));

module @M=freemodule (nrows(@N));

poly @qg=prepareSat (@N) ;

setring BAS;
poly @g=imap(Rloc, @q);
list satu=sat(@N,Qq);

if (satu[2]==0)
{
return(list(list(@N,ideal(0))));
}
else
{
check=intersect (check,satul[1]);
return(list(list(satul1],ideal(0)))+GTZopt (@N+(@q ~satu[2])*@M, check));
}
}

int @k1, @k2, @k3, Qk4; // the indices for nested for/while loops
int nVar=nvars (BAS);
int Ndim=dim(@N) ;

[11777771717777777777777777777777777777/7777777/777777777/7777/77/7
// Simplification of the modules using
// N=N/(a*x_i+b)*M+(a*x_i+b)*M, for (a*x_i+b) in ann
[11771717177177177777777777777777777777/77777777777777177/777777//
if (size(#)==0)
{
ideal fried;
@k2=size(ann);
for (@k1=1;0k1<=0k2;Qk1++)
{
if (deg(lead(ann[@k1]))==1)
{
fried[size(fried)+1]=ann[@k1];
}
}
if (size(fried)==nVar)
{
return(list(list(@N, ann)));
}
if (size(fried)>0)
{
string newva;
string newma;
for (@k1=1;@k1<=nVar;Q@k1++)

{
checked=0;
for (Qk2=1;0k2<=size(fried) ; Ok2++)
{
if (Leadmonom(fried[@k2])==var (@k1))
{
checked=1;
break;

}
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}
1490 if (checked==0)
{
newva=newva+string(var(@k1))+",";
newma=newma+string(var(@k1))+",";
}
else
{
newma=newma+string(var (@k1)-((1/leadcoef (fried[@k2]))*fried[@k2]))+",";
}
}
1500 newval[size(newva)]=")";
newma[size(newma)]=";";
execute("ring @deirf=("+charstr(BAS)+"), ("+newva+",(C,1p);");
execute("map @kappa=BAS,"+newma) ;
ideal @j = @kappa(ann);
module @N = Q@kappa(@N);
@N=simplify(@N,2);
@j=simplify(ej,2);
list pr=GTZopt (ON,freemodule(nrows(@N)),Qj);
setring BAS;
1510 list pr=imap(@deirf,pr);

for(@k1=1;@ki<=size(pr) ;@ki++)
{
pr@k1] [1]=std(pr[@k1] [1]+fried*@M) ;
pr[@k1] [2]=std(pr[@k1] [2]+fried);
}
return(pr) ;
}
}
1520
[17771717777771777777771777777777777777777777777/777/7777777/7777/7/
// the trivial case
[177771717777177777777177777777777777777777/7777777/7777777/777777/
if (Ndim==-1)
{
return(list(list(@N,ideal(1))));
}

[1111177777177777777777777777777/777777777777/77/77777/7/7777//7/7777
1530 // the case of one variable
[1111177777177777777777777777777777777777777/77/777/77/7/7777//7/7777
if (nVar==1)
{
return(decivar(@N));
}

11177177777177777777777777777777777777777777777777777/77717777777
// the zerodimensional case
11717177777777777777777777777777777777777777777777777/77717777777
1540 if (Ndim==0)
{
return(zeroOpt(@N, check, ann));

}

[1717777777777777777777777777777777777777777777777777777777/77777
// the preparation of the quotient ring
I111777777777777777777777777777777777777777777777777777777177777
list result;
list indep =indSet(ann);

1550 poly Qq;



list @p,primary;
ideal @h;
int szIndep;
for (@k1=1;0@k1<=2;@k1l++)
{
szIndep=size(indep[@k1]);
for (@k2=1;0k2<=szIndep;@k2++)
{
execute ("ring RAU=("+charstr(basering)+"), ("+indep[@k1] [@k2] [1]+
1560 ", "+indep[@k1] [@k2] [2]+") , "+indep[@k1] [@k2] [3]+";");
module @N=std(imap(BAS,@N)); // the standard basis in (R[U]) [A]
execute ("ring Rloc=("+charstr(basering)+","+indep[@k1] [@k2] [2]+"),
("+indep [0k1] [@k2] [11+"), (C,dp);");
module @N=imap(RAU,@N); //std in lokalisierung
@N=c1lrSBmod (@N) ;
kill RAU;

[1177777777777777777777777777777777777777777777777777777777/77777
// the zero-dimensional decomposition
1570 [1177777777777777777777777777777777777777771777777777/777777/77777
list qprim, preList;
module check=imap(BAS, check);
(preList,check)=preComp (@N, check) ;
for (@k3=1; @k3<=size(preList); @k3++)
{
if (size(preList [@k3] [2])>0)
{
gprim=qgprim+list(list(preList[@k3] [1],preList[@k3][2]));
}
1580 else
{
checked=size(qgprim) ;
gprim=gprim+zeroOpt (preList [@k3] [1], check, preList[@k3][3]);
for (@k4=checked+1;0k4<=size(qprim) ; @k4++)
{
check=intersect(check, qprim[@k4][1]);
}
}
} // end of for(@k3...)
1590 kill prelist;

I111177777777777777777777177777777777717771177777771177177777777
// Preparation of the saturation of @N
LI11117777777777777777777177777777777717771777777711777177777777
//poly pp=prepareSat (QN) ;

ideal @h2;
for (@k3=1;0@k3<=size(@N) ;Q@k3++)
{
@h2[@k3]=leadcoef (GN[@k3]);
1600 }
if (size(gprim)==0) // there aren’t any new components
{
setring BAS;
check=imap(Rloc,check) ;
@h=imap(Rloc,@h2) ;
@g=minSatMod (imap (BAS,@N) ,@h) [2];
// @q=imap(Rloc,pp) “sat (imap(BAS,@N),imap(Rloc,pp)) [2];
kill Rloc;
1610 if (deg(@q)>0)
{

@N=std (@N+@q*QM) ;
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ann=std(ideal (ann+@q)) ;
kill gprim;
}
}
else // there are new components
{
1177777771777777777777777777777777777777777777777/777777777777777
// Preparation of the saturation of gprim
II1117777777777777777777777777777177777777777777777777777777777
list @p2;
for (@k3=1;0k3<=size(qprim) ;Q@k3++)
{
@p2[@k3]=1list (prepareSat (qprim[@k3] [1]) ,prepareSat (qprim[@k3][2]));
}

IIT1117777777777777777777777777777777777777777777777777777777777
// compute the recontractions
// back in the original ring
L111177777777777777777777777777777777777777777777777777777777777
setring BAS;
@p=imap (Rloc,@p2) ;
primary=imap(Rloc,qprim) ;
@h=imap(Rloc,@h2) ;
kill Rloc;
for(@k3=1;0@k3<=size(primary) ; @k3++)
{
primary[@k3]=1list (sat (primary[@k3] [1],@p[@k3] [1]) [1],
sat (primary [@k3] [2],@p[@k3] [2]) [1]);
check=intersect (check,primary[@k3] [1]);
}
@g=minSatMod (imap (BAS,@N) ,@h) [2] ;
result=result+primary;
if (deg(@q)>0)
{
@N=std (@N+Qq*QM) ;
ann=std(ideal (ann+@q)) ;

}
} // end of else
if ((@k1==1)&&(@k2<szIndep)&&(Ndim>dim(ann)))
{
break;
}

}
}
return(result+GTZopt (@GN, check,ann));

example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2z),dp;
module N=x*gen(1)+ y*gen(2),
x*gen(1)-x2*gen(2) ;
list 1=GTZopt (N);
1;
}

IIITIITTI1777777777777777777771777777777777777717777771771777177177177117717
// declvar(N[,check[, ann]l)
// primary decompostion for a ring with one variable

II11777777777777777777777777777777777777777777777771777777777777171117777777/
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proc declvar (module @GN, list #);
"USAGE: decivar (N); zero-dimensional module N[, module check]
RETURN: 1list 1
the minimal primary decomposition of a submodule N of R”s
if nvars(R)=1
NOTE: if the parameter check is given, only components
not containing check are computed

EXAMPLE: example zeroMod; shows an example
n

{

ideal ann; module @M, check; int checked;
(ann, check, @M, checked)=getData(@N, #);

list fac = factorize(ann[1],2);
if (size(fac[2])==1)
{
return(list(list(@N,ann)));
}
// comp of the primary modules, the primary ideals and the primes
poly @h;
module primod;
list result;
int @k;
for (@k=1;@k<=size(fac[1]);Q@k++)

@h=ann[1]/(fac[1] [@k] ~fac[2] [€k]);
result =result+list(list(std(quotient(@N,@h)), std(ann,fac[1][@k])));
}

return(result);

[1171777717777777777777777777777777777777777777777777/777777/77777777/77777777/
// zeroOpt (N[, check[, ann]])
// a faster version of zeroMod

II111777777777777777777777177777777777777777777777117777777777171117777777117

proc zeroOpt (module @N, list #)
"USAGE: zeroOpt (N[, check]); zero-dimensional module N[, module check]
RETURN: 1list 1
the minimal primary decomposition of a zero-dimensional module N,
computed by a generalized and optimized version of the algorithm
of Gianny, Trager and Zacharias
NOTE: if the parameter check is given, only components
not containing check are computed
EXAMPLE: example zeroMod; shows an example
{
@N=interred(@N) ;
attrib(@N,"isSB",1);

I111177777177777777777771777777777777177777777777171111777777117
// the module check is needed to compute a minimal decomposition
// components containing check are ignored
II177777777777777777777777777777777777771777777777771777711777777
ideal ann; module @M, check; int checked;

(ann, check, @M, checked)=getData(@N, #);

if (checked)
{

return(list());
}
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[177711777777177777777177/77777777777777777/7777/77/77777777777/7/
// the ordering is changed to lex
[1777717177771777777777777777777777777777777777777/7177777/777777/
def BAS = basering;

changeord("@R","C,1p");

module @N=std(imap(BAS,@N));

module @M=imap(BAS,@M);

ideal ann=std(imap(BAS,ann));

module check=imap (BAS,check);

[1111177777177777777777777777777777777777777/77/77777/7/7777/77/7777
if (vdim(ann)==deg(ann[1])) // if ann ist prime
{
list fact=factor(ann[1]);
int kj;ideal id;list result;
module hilf;
for(k=1;k<=size(fact[1]) ;k++)
{
id=ann;
hilf=std(eN+(fact[1] [k] “fact[2] [k])=aM);
id[1]=fact[1] [k];
if (size (NF(check,hilf,1))>0)
{
result=result+list(list (hilf,interred(id)));
}
}
setring BAS;
list result=imap(@R, result);
kill @R;
return(result);

if (homog(ann)) // if ann is homogeneous
{ // then radical(ann)=maxideal(1)
if (size (NF(check,@N,1))>0)
{
setring BAS;
kill @R;
return (list(list(@N,maxideal(1))));
}
else
{
setring BAS;
kill @R;
return(list());
}
}

LI11117777717777777777771777777777777777777777777177771717177777717
// the random coordnate change and its inverse

// furthermore the module is simplified using

// N=N/(a*x_i+b)+(a*x_i+b)*M, for a*x_i+b in ann
I111777777777777777777777777777777777777777777777777777777177777
int nVar=nvars(@R);

int @k, @ki1;

list result, rest;

ideal primary, prim;

module primmod;

ideal fried;

intvec optionsVec=option(get);



option(redSB);
1800 ideal prepMap = randomLast(100);
ideal prepInv=maxideal(1);
for (@k=1;0k<=size (ann) ; Qk++)
{
if (deg(lead(ann[@k]))==1)
{
fried[size(fried)+1]=ann[@k];
}
}
if (size(fried)==nVar)
1810 {
return(list(list(@N, ann)));
}
if (size(fried)>0)
{
for (@k=1;0@k<Q@k1;0k1++)
{
for (@k1=1;@kl1<=size(fried) ;Qk1++)
{
if (leadmonom(fried[@k1])==var(@k))
1820 {
prepMap [@k] =var (@k)+((1/leadcoef (fried[@k1]))* (var (@k)-fried[@k1]));
prepMap [nVar]=subst (prepMap [nVar] ,var(@k),0) ;
prepInv[@k]=fried[@k1];
}
}
}
}
map phi=@R,prepMap;
prepInv[nVar]=2*var (nVar)-prepMap [nVar] ;
1830 map invphi=OR,preplnv;
ideal @j=std(phi(ann)); // factorization of the 1st elt. in Ann(@N)
list fac = factorize(@j[1],2);

[1177117777117777777777777777777777777777771777777777/77777777777
// Case: 1st element irreducible
[11111777717777717777777777777777777777777777777777/7777777777777
if (size(fac[2])==1)
{

prim=primaryTest(@j,fac[1][1]);

1840 prim=invphi (prim) ;

setring BAS;

@N=std (@N) ;

ideal prim =imap(@R,prim);

kill @R;

if (prim!=0)

{

return(list(list(@N,prim)));
}
else
1850 {
return(zeroOpt (@N, check)) ;

}

}

[111177777777777777777777777777777777777777777777777/77777777777/
// Computation of the - hopefully primary - modules
// their annihilators and associated primes
II11177777777777777777777777777777777777177777777777117771777777
poly @p, @h;

1860 for (@k=1;Ck<=size(fac[1]);Ck++)
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@p=fac[1] [@k] “fac[2] [€k];
@h=ej[1]/ep;
primmod=std(quotient (phi(@N),@h));
check=phi (check) ;
if (size(NF(check,primmod,1))>0)
{
primary=std(@j+@p) ;
// test if the modules were primary and in general position
prim=primTest (primary,fac[1] [@k]) ;
if (size(prim)==0)

{
prim=primaryTest (primary,fac[1] [€k]);
}
if (prim==0)
{
rest[size(rest)+1]=invphi (primmod) ;
}
else
{

result[size(result)+1]=1list(std(invphi(primmod)),std(invphi(prim)));
}
}
}

I111777777777777177777777777777777777777777777777777777777177777
// the bad cases
I111777777777777177777777777777777777777777777777777777777117777
for (@k=1; @k<=size(rest);Qk++)
{
result = result+zeroOpt(rest[@k],check);
}
option (set,optionsVec);
if (size(result)==0)
{
setring BAS;
kill @R;
return(list());
}
setring BAS;
list result=imap(@R, result);

kill @R;
return(result);

}

example

{ "EXAMPLE:"; echo = 2;

}

ring r=0,z,dp;

module N=zxgen(1), (z-1)*gen(2), (z+1)*gen(3);
list l=zeroOpt(N);

1;

[117717717177777177777777777777777777777/77777777777777/77/7777/777/7777777/77/777/
// clrSBmod(N)
// Generalization of clearSB from primdec.lib

I117777777777777777777777777777777777777777777777777777777177777777/7777177177777

proc clrSBmod (module @N)

"USAGE: clrSBmod(N); N module which is SB ordered by monomial ordering
RETURN: module = minimal SB

EXAMPLE: example clrSBmod; shows an example

1ib
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int @k,Qj;
list Nsizes;
for (@k=1;@k<=size(@N) ;Qk++)
{
Nsizes[@k]=size(@N[@k]);
}
module leadVec;
int szN=size(@N);
@j=0;
while(@j<szN-1)
{
Qj++;
if (deg(@N[@j]1)>0)
{
leadVec=lead (@N[@j]);
attrib(leadVec,"isSB",1);
for (@k=Qj+1;@k<=szN;@k++)
{
if(size (NF(lead(@N[@k]) ,leadVec,1))==0)
{
if ((leadexp(leadVec[1]) !=1leadexp(@N[@k])) | | (Nsizes[@j]<=Nsizes[@k]))
{
@N[@k]=0;
}
else
{
eN[ej]=0;
break;
}
}
}
}
}
return(simplify(@N,2));
}
example
{ "EXAMPLE:"; echo = 2;
ring r = (0,a,b), (x,y,2),dp;
module Nil=ax2+y,a2x+y,bx;
module N2=clrSBmod(N1);
N2;

[117177771777777777777777777777777777777777777/777777717777777/7777777777777777/
// minSatMod (N, id)
// Generalization of minsat from primdec.lib

I11777777777777777777777777777777777777777777777777777771777777777777177777777

proc minSatMod(module Nnew, ideal @h)
"USAGE: minSatMod(N, I); module N, ideal I
RETURN: 1list with 2 elements:
[1]1=sat (N,product(I)) [1],
[2]=p, the polynomial of minimal degree s.th. [1]=quotient(N,p)
EXAMPLE: example minSatMod; shows an example
n
{
int @i,0k;
poly @f=1;
module Nold;
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ideal fac;
list quotM,@l;

for(@i=1;@i<=ncols(@h) ;Q@i++)
{
1990 if (deg(@h[@i])>0)
{
fac=fac+factorize(@h[@i],1);
}
}
fac=simplify(fac,4);
if (size(fac)==0)
{
@1=Nnew,1;
return(@l);
2000 ¥
fac=sort(fac)[1];
for(@i=1;Q@i<=size(fac) ;Qi++)
{
ef=@fxfac[@i];
}
quotM[1]=Nnew;
quotM[2]=fac;
quotM[3]=0f;
Qf=1;
2010 while(specialModulesEqual (Nold,quotM[1])==0)
{
if (@k>0)
{
@f=@f*quotM[3];
}
Nold=quotM[1];
quotM=quotMinMod (quotM) ;
Qk++;
}
2020 @l=quotM[1],@f;
return(@l);
}
example
{ "EXAMPLE:"; echo = 2;
ring r = 0,(x,y,2z),dp;
module N=xy*gen(1);
ideal h=yz,z2;
list 1l=minSatMod(N,h);
1;
2030 3

IIT11117777777777777777777777777777777777777777777177717777777177711177777717
// quotMinMod (N, fac, f)
// Generalization of quotMin from primdec.lib

IIT11117777777777777777777777777777777777777777777117717777777177771177777717

proc quotMinMod(list tsil)
{
int @i,@j,action;
2040 module verg;
list @1;
poly @g;
intvec optionsVec;

module laedi=tsil[1];
ideal fac=tsil[2];



2050

2060

2070

2080

2090

2100

poly @f=tsil[3];
optionsVec=option(get) ;
option(returnSB);
module star=quotient(laedi,@f);
option(set,optionsVec);
if (specialModulesEqual (star,laedi))
{

@l=star,fac,0f;

return(@l) ;
}

action=1;
while(action==1)
{
if (size(fac)==1)
{
action=0;
break;
}
for(@i=1;Qi<=size(fac) ;Q@i++)
{
Qg=1;
verg=laedi;

for(@j=1;0@j<=size(fac);0@j++)
{

if (@i!=0j)

{

Qg=0g*fac[ej];

}
}
optionsVec=option(get) ;
option(returnSB) ;
verg=quotient (laedi,@g) ;
option(set,optionsVec);
if (specialModulesEqual (verg,star)==1)
{

@f=0g;

fac[@i]=0;

fac=simplify(fac,2);

break;

}

if (@i==size(fac))
{
action=0;
}
}
}
Q@l=star,fac,@f;
return(@l);
}

IIITIITT171077177777777777777771777777177177777717777777771717777177171117717
// specialModulesEqual(N1,N2)
// Generalization of specialldealsEqual from primdec.lib

I1117777777777777777777777777777777777777777777777777777177777777777/717177771777

proc specialModulesEqual( module ki, module k2)

"USAGE: specialModulesEqual (N1, N2) N1, N2 standard bases of modules,
s.th. N1 is contained in N2 or vice versa

RETURN: int i
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if (N1==N2) then i=1
2110 else i=0
EXAMPLE: example specialModulesEqual; shows an example

{
int @j;

if (size(kl)==size(k2))
{
for(@j=1;@j<=size (k1) ;Qj++)

{
2120 if (leadexp(k1[@j]) !=leadexp(k2[@j1))
{
return(0);
}
}
return(1);
}
return(0);
}
example
2130  { "EXAMPLE:"; echo = 2;
ring r = 0,(x,y,z),dp;
module Ni=x*freemodule(2);
module N2=xy*freemodule(2);
int i=specialModulesEqual(N1,N2);
1;

N2=N1;
i=specialModulesEqual (N1,N2) ;
i;

2140 3

111777777777777777777777777777777777777777777777777777777777777777/71777177177777
// sat2mod(N,i)
// Generalization of sat2 from primdec.lib

II1111177777777777777777777777777777777777777777771177777777771777171177777717

proc sat2mod (module id, ideal h1l)
"USAGE:  sat2mod(id,j); id ideal, j polynomial
RETURN: saturation of id with respect to j (= union_(k=1...) of id:j k)
2150  NoTE: result is a std basis in the basering
n
{
int @k,@i;
def @P= basering;
if (ordstr(basering) [1,2] !="dp")
{
execute ("ring @Phelp=("+charstr(@P)+"), ("+varstr(@P)+"),(C,dp);");
module inew=std(imap(@P,id));
ideal Oh=imap(@P,h1);
2160 }
else
{
ideal @h=hi;
module inew=std(id);
}

ideal fac;
for(@i=1;@i<=ncols(@h) ;Q@i++)

{
2170 if (deg(@h[@i])>0)



2180

2190

2200

2210

2220

2230
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{
fac=fac+factorize(@h[@i],1);
}
}
fac=simplify(fac,4);
poly @f=1;
if (deg(fac[1]1)>0)
{

module iold;

for(@i=1;Qi<=size(fac) ;Q@i++)

{
@f=@f*fac[@i];
}
intvec optionsVec=option(get)
option(returnSB);
while(specialModulesEqual(iold,inew)==0 )
{
iold=inew;
if (deg(iold[size(iold)])!=1)
{
inew=quotient (iold,@f) ;
}
else
{
inew=iold;
}
Qk++;
}
option(set,optionsVec);
Qk--;
}
if (ordstr(@P) [1,2]!'="dp")
{
setring QP;
module inew=std(imap(@Phelp,inew));
poly @f=imap(@Phelp,@f);
}

list L =inew,Q@f"Qk;
return (L);

}

I11777777777777777777777777777777777777777777777777777771177777777/77777777777
// stdModulesEqual(N1,N2)
// Generalization of stdIdealsEqual from primdec.lib

II1117777777777777777777777777777777777777777777771177777777771771177177777717

proc stdModulesEqual (module k1, module k2)
"USAGE: stdModulesEqual(N1, N2) N1, N2 standard bases of modules,
RETURN: int i
if (N1==N2) then i=1
else i=0
EXAMPLE: example stdModulesEqual; shows an example
n
{
int @j;

if (size(kl)==size(k2))

{
for(Q@j=1;@j<=size (k1) ;@j++)
{
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if (leadexp(k1[@j]) !=leadexp(k2[@jl))
{
return(0);
}
}
attrib(k2,"isSB",1);
if (size(reduce(k1,k2,1))==0)
2240 {
return(1);
}
}
return(0) ;
}
example
{ "EXAMPLE:"; echo = 2;
ring r = 0,(x,y,z),dp;
module Ni=x*freemodule(2);
2250 module N2=xy*freemodule(2);
int i=stdModulesEqual(N1,N2);
1;

N2=N1;
i=stdModulesEqual (N1,N2);
i;

}

II1177777777717777777777777777777777777777777777777777777777777777777717777777
2260  // ModulesEqual(N1,N2)
// Generalization of IdealsEqual from primdec.lib

II1111177777777777777777777777777777777777777777771177177777771777171177777717

proc modulesEqual( module @k, module @j)
"USAGE: modulesEqual (N1, N2) N1, N2 modules,
RETURN: int i
if (N1==N2) then i=1
else i=0
EXAMPLE: example modulesEqual; shows an example
2270 v
{
return(stdModulesEqual (std(@k),std(@j)));
}
example
{ "EXAMPLE:"; echo = 2;
ring r = 0,(x,y,z),dp;
module Ni=x*freemodule(2);
module N2=xy*freemodule(2);
int i=stdModulesEqual(N1,N2);
2280 i;

N2=N1;
i=modulesEqual (N1,N2);
ij

}

proc getData (module @N, list oldData, list #)
"USAGE: getData(N, 1[, noCheck]); module N, list 1[, int noCheck]
RETURN: (ann, check, M, checked)

2290 ideal ann, module check, M, int checked

if 1[1] is contained in N [and noCheck is not given]
then checked=1, ann=ideal(0), check=0, M=0;
else checked=0, M=freemodule(nrows(N)); check=1[1]
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(resp. check=M if 1 is an empty list) and
if size(1)>1 then ann=1[2] else ann is the annihilator of M/N.

NOTE: ann is a std basis in the basering
EXAMPLE: example getData; shows an example
2300 o
{
if (size(oldData)>0)
{
if ((size(#)==0)&&(size (NF(oldData[1],@N,1))==0))
{
return(ideal(0), 0 , 0, 1);
}
module @M=freemodule (nrows(@N));
if (size(oldData)>1)
2310 {
ideal ann=oldDatal[2];
attrib(ann,"isSB",1);
}
else
{
ideal ann=annil(@N);
}
}
else
2320 {
module @M=freemodule (nrows(@N));
oldData[1]=QM;
ideal ann=annil(@N);
}
return(ann, oldDatal[1], @M, 0);
}
example
{ "EXAMPLE:"; echo = 2;
ring r = 0,(x,y,z),lp;
2330 module N=x*gen(1),y*gen(2);
ideal ann; module check, M; int checked; list 1;
(ann, check, M, checked)=getData(N,1);
ann; check; M; checked;

1=1list(check,ann);
(ann, check, M, checked)=getData(N,1);
ann; check; M; checked;

1=1list(N);
2340 (ann, check, M, checked)=getData(N,1);
ann; check; M; checked;
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