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Abstract– Numerical simulations of analog circuits can be
used to get a first impression of a circuits’ behavior. But
actual circuit properties may differ from the results ob-
tained by floating-point simulations, due to errors caused
by rounding, component tolerances, and simplified mod-
els. Simulations based on interval arithmetic can be used
as a unified framework to bound all these errors, but
tend to be too conservative. In this paper a combined
symbolic/interval-numeric approach, tuned to treat AC
and DC analysis problems with uncertain parameters, is
introduced.

1 MOTIVATION

The behavior of analog circuits can be described by
a system of parameter-dependent linear or nonlinear
equations. A symbolic setup of the equation system al-
lows for assigning unique symbols to each circuit com-
ponent parameter. The resulting circuit equations can-
not be analyzed in a pure symbolic way: In the nonlin-
ear case the system might not be solvable in a symbolic
manner, but yet in the linear case the result may be of
large complexity. In order to analyze the behavior of
such an analog circuit using a simulator or a numerical
solver, the symbols representing netlist elements have
to be replaced by the corresponding numerical values,
according to a given design point.

The numerical approach has two major drawbacks:
First of all, for an efficient numerical treatment of the
equation system, all numerical values have to be con-
verted into floating-point numbers. This may lead to an
excessive growing of the overall error, due to rounding
of the numerical values in every solving step. Another
problem is caused by the fact that a design point may be
defined in advance, but one cannot ensure a priori that
the desired properties will exactly be met during manu-
facturing of the actual circuit. Component tolerances
will always lead to small variations of a circuit’s prop-
erties, which may result in effects not expected from the
results of the numerical simulation. While rounding er-
rors could be reduced or even completely avoided by a
sophisticated treatment of the equation system, the latter
problem cannot be overcome within a single numerical
simulation. Simulation based oninterval arithmeticcan
be used as a unified framework for both problems.
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2 INTERVAL ARITHMETIC

2.1 Basics

If upper and lower bounds for the uncertain parameters
can be determined, these can be interpreted as the end-
pointsx, x of a closed interval[x,x]⊆R. This interval is
usually denoted by[x]. A vector of intervals – orbox–
is consequently written as[x]. The principles of interval
arithmetic are quite simple (e.g. [6, 7]): during evalua-
tion any expression is constructed by subsequent calls of
elementary binary operations (say:+,−,∗,/) and basic
functions likesin, cos, log, ex andxn. The intervaliza-
tion of these expression elements is easy to obtain, e.g.:

[x] · [y] = [z,z], for · ∈ {+,−,∗,/} ,
with z= min{x ·y,x ·y,x ·y,x ·y} ,
andz= max{x ·y,x ·y,x ·y,x ·y} .

(1)

Functions likee[x] and [x]n can be defined in an ana-
logous manner. The intervalization of any monotonic
or piecewise monotonic elementary function is com-
puted by evaluating the function on a finite set ofspecial
points, consisting of the interval’s endpoints and local
extrema.

For bounding the range of a more complex expression
we have to assign a correspondinginterval extensionto
it. An interval-valued function[ f ] is called an interval
extension of the real-valued functionf , if

[ f ]([x1], . . . , [xn])⊇
{

f (y1, . . . ,yn) | yi ∈ [xi ]
}

. (2)

The interval extension obtained by replacing real oper-
ations and elementary functions by their interval-valued
equivalents is callednatural interval extension[6].

2.2 Implementation Issues

In the spirit of interval computations, the result has to
give lower and upper bounds to the actual range of a
function. Hence implementations based on floating-
point numbers have to obeye that computations are cor-
rect only up to oneunit in the last place(ulp). Outer ap-
proximations can be implemented efficiently by switch-
ing the CPU’s floating-point rounding mode toround-
down or round-upduring the computation of the infi-
mum or supremum, respectively. Alternatively, this may



be emulated by adding the interval[−ε1,ε2], whereεi
denote the correspondingulps. The latter will result in
slightly larger intervals.

2.3 The Dependence Problem

The major drawback in using interval computations is
caused by thedependence problem. While compu-
tations using independent parameters will return tight
bounds to the exact range of the function, two or more
occurrences of the same parameter during the evalua-
tion phase will result in too conservative estimations.
For instance, the expressionf (x) = x− x immediately
evaluates to zero, using either floating-point or symbolic
techniques. According to equation (1) interval-valued
substraction is defined as:

[x,x]− [y,y] = [x−y,x−y].

Hence[x]− [x] equals zero if and only ifx = x. Sim-
ply replacing numerical solvers by an interval version
would soon lead to rather useless results, consisting of
large parts of the original search region.

Several algorithms have been developed to solve
linear and nonlinear interval-valued equation sys-
tems [6, 7]. These behave well if we are dealing with
intervals of small width and little dependence of the
interval-valued terms of the expressions involved, but
real-life applications will require the treatment of wider
intervals and parameters of multiple occurrences. For
this purpose interval algorithms have to be tuned for
solving of equation systems resulting from analog cir-
cuits.

3 SYMBOLIC PREPROCESSING

Symbolic preprocessing and modeling can be used to
resolve and reduce dependencies.

Analysis of linear or nonlinear circuit equations leads
to a sequence of large equation systems to be solved.
From the computational point of view interval solvers
are expensive and should be avoided whenever possi-
ble. It is useful to compress the equation system by
eliminating pairs of variables and equations, which will
not generate additional dependent entries. Analogously
to the case of sparse real systems, where Markowitz-
heuristic is used to preserve sparseness [2], the maximal
number of newly generated (dependent) interval-valued
terms can be bounded, and hence dependence growing
can be tracked. In order to reduce the system even more,
very small parameter tolerances may be treated like ex-
act values.

Furthermore a large number of simplifications, which
possibly reduce dependencies, can be applied to any ex-
pression. In particular this is based on matching and
appropriate rewriting of recurring patterns from circuit

dependent expressions
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Figure 1: Influence of the equation formulation
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. (3)

The dependence problem may also result from pa-
rameters appearing in two or more of the circuit equa-
tions in a given formulation. For instance, see the
circuit given in Fig. 1. In order to analyze its DC
behavior with respect to a tolerance affected resis-
tor RC ∈ [3.6kΩ, 4.4kΩ], the input voltage is swept
from 5 Volts to 15 Volts (for constantRB = 600kΩ).
The outermost curves in the graph correspond to lower
and upper bounds computed using interval simulations
on a set of equations, in whichRC occurs twice. In con-
trary the inner curves show the exact range, which can
easily be obtained from an equivalent system, where the
second appearance ofRC was eliminated.

4 LINEAR CIRCUITS

In the case of linear analog circuits with uncertain pa-
rameters Kirchhoff’s laws and element relations are
summarized in a matrix equation of the following form:

A(p) ·x = b , (4)

wherex denotes the vector of internal currents and volt-
ages, andp = (p1, . . . , pnp) corresponds to tolerance af-
fected components, which are bounded by intervals[pi ].
Solving such an interval equation system means deter-
mining close bounds to the smallest box[x] with

[x]⊇
{

(A(p))−1 ·b | pi ∈ [pi ]
}

. (5)

Note that uncertain values of independent current and
voltage sources can also be modeled as interval-valued
parameters on the right-hand sideb. Due to their linear
relationship these kind of parameters are easy to handle
and hence do not need special treatment.

In order to apply interval arithmetic in linear circuit
analysis, it is necessary to use a real formulation of



the matrix equation. Hence a complex-valued equa-
tion system used for AC analysis needs to be reformu-
lated [8]. The result corresponding to each variable
will be wrapped by a polygon in the complex plane
(wrapping effect).

Earlier efforts to solve interval-valued linear circuit
equations were restricted to formulations, in which each
matrix element varies independently [8]. Therefore a
new approach was developed to cope with multiple oc-
currences of parameters: First of all we will assume
that the parameter dependence ofA(p) can be writ-
ten as a sequence of rank-one updates of a parameter-
independent matrixA0 ∈ Rn×n:

A(p) = A0 +
np

∑
i=1

pi · (ui ·vi
T) , (6)

with ui ,vi ∈ Rn, andA(p) is invertible for allp ∈ [p].
This is not a restriction at all, because this structure is
already inherent to a linear circuit: Using thesparse
tableau formulation(STA) [9] to generate the linear cir-
cuit equations, eachpi will occur only once andui ,vi
are just unit vectors, which define the corresponding
matrix element. In the case ofmodified nodal analysis
(MNA) [9] the matricespi · (ui · vi

T) correspond to the
well-known fill-in patterns used during equation setup.

Under these conditions the dependence of the solu-
tion of the linear system is given by1:

(A(p))−1 ·b = ã−

(
1

p j − p0 j
+ c̃

)−1

· b̃ , (7)

for someã, b̃∈Rn, c̃∈R, andp0 j ∈ [p j ]; each of which
not depending onpi (but possibly on some other para-
meterp j ). Hence(A(p))−1 ·b is monotonic and conti-
nous in each parameterpi and the following holds:

[x] = [{(A(p))−1 ·b|pi ∈ {pi , pi}}] . (8)

The right-hand side refers to the smallest interval vec-
tor containing the set in brackets. Hence the problem
can be reformulated in terms of 2np parameter sweeps
with respect to the corners of[p] on a real linear system,
which – for efficiency reasons – can be solved using
faster floating-point solvers, in case rounding errors do
not have to be tracked.

For example this technique is applied to the RLC
filter shown in Fig. 2a. The interval AC analysis for
the design pointV0 = 10V, Ra = 1kΩ, C1 = 4.7µF,
C2 = 0.22µF, L1 = 1mH and the uncertain resis-
tor Rb ∈ [0.9kΩ, 1.1kΩ] with frequency range 1Hz
to 100Hz is given by the dashed lines in Fig. 2b. The
outer bounds are slightly more pessimistic than the ac-
tual range, which can be approximated by classical

1this could be shown using theSherman-Morrison formula
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(b) Absolute values of output current: interval AC ana-
lysis (dashed lines) and parameter sweeps (solid lines)

Figure 2: RLC filter with component tolerances

parameter sweeps (solid lines). This is due to the wrap-
ping effect mentioned above, and can be reduced by so-
phisticated bisection methods.

5 NONLINEAR CIRCUITS

The behavior of static nonlinear circuits with uncertain
parameters can be described by a systemf of nonlinear
equations, such that

f (x,p) = 0, for all p ∈ [p] . (9)

Again x denotes the vector of voltages and currents,
and [p] the interval vector corresponding to the uncer-
tain parameters. IfJf denotes the Jacobian off then
by themean value theoremwe get forx0,x

∗ ∈ Rn the
following relation:

f (x∗,p)− f (x0,p) = Jf (ξ ,p) · (x∗−x0) , (10)

whereξ is on the line betweenx∗ andx0. If x∗ is a zero
of f , we get

x∗ = x0−
(

Jf (ξ ,p)
)−1
· f (x0,p) . (11)

In order to bound the unknown valueξ , it can be re-
placed by a box[x], which contains bothx∗ and x0.
Hence if we start with a sufficiently large box[x], the
interval-Newton step

[x]← [x]∩
(

x0−
(

[Jf ]([x], [p])
)−1
· f (x0, [p])

)
(12)



for some real vectorx0 ∈ [x], can be used to bound the
zeros of f in [x]. For the inversion ofJf a suitable lin-
ear contractor can be used. In order to resolve the main
source of interval growing, caused by dependent ele-
ments ofJf , the attention is focused on matrix inversion.
The method of section 4 can be applied to each Newton
step, if the nonlinear circuit elements were modeled in
a way that the Jacobian has an appropiate structure.

For instance consider a simplified transistor model
for the forward active region[4], which is based on the
bipolar junction transistor model introduced by Ebers
and Moll [3]. It expresses the relations between the tran-
sistor currents and voltagesIC, IE, andVB as:

IC = IS·e(VB−VE)/Vt

IE =− IS
α
·e(VB−VE)/Vt ,

(13)

where the parameterIS represents the transport satura-
tion current,α denotes the forward current gain of the
common base configuration, andVt designates the ther-
mal voltage. The entries in the Jacobian matrix corre-
sponding to these equations can be written as

Jf = p·



...
1
...
− 1

α

...


(· · ·1· · ·−1· · ·) , (14)

introducing a new parameterp := IS·
e(VB−VE)/Vt

Vt
, depend-

ing on uncertain valuesVB∈ [VB] andVE ∈ [VE] bounded
in the previous Newton step and the possibly interval-
valued transistor parameterIS∈ [IS] (global parameters
like Vt should be real-valued or of small width). The
intermediate value ofp can be computed using plain in-
terval arithmetic without running into dependence prob-
lems. In every Newton stepp may be treated like a lin-
ear parameter, and the respective methodology can be
applied to it.

Since not all nonlinear effects fit in the scheme de-
scribed above, classical interval methods still have to
be used to get reliable results in these cases. But if
the procedure of this section can be applied to a ma-
jor subeffect, tighter bounds to the solution set will be
obtained.

6 CONCLUSIONS

The methods described above are being implemented as
an extension to the toolboxAnalog Insydes[1, 5], an
add-on package to the computer algebra systemMathe-
matica[10] for modeling, analysis, and design of analog
circuits.

The techniques of sections 3 and 4 can be used to
obtain meaningful bounds to the results of analog cir-
cuit equations with uncertain parameters. As opposed
to earlier attempts to use interval arithmetic in this area,
which were restricted to the sparse tableau formula-
tion, the dependence between parameters with multi-
ple occurrences is treated accordingly. Finally section 5
shows how this approach is extended to nonlinear equa-
tions with a suitable structure.

Despite the limitations in applying interval methods
to general equation systems, accordingly tuned interval
arithmetic can be used for efficient treatment of the re-
spective circuit classes.
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