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Introduction

In many fields of natural sciences, medicine, and technology, there is need
for simple but flexible models for random geometric structures and for ap-
propriate statistical methods. Such structures appear, for example, in the
field of forestry, such as positions of trees, in the field of geology, such as
locations of ore deposits, or in the field of materials science, such as pores
of a porous medium. The development and analysis of mathematical models
used to describe these complicated random geometric patterns is the object
of stochastic geometry. The most important models provided are random
closed sets and random geometric fields.

A random closed set is formally defined as a set-valued random variable,
that is, a random variable taking values on the space of closed subsets of

�
d

provided with a suitable topology. This concept, however, is often too general
and difficult to trace mathematically. Therefore, only random closed sets are
considered that have a representation as a union of a locally finite collection
of compact convex sets, or convex bodies. Most real geometric structures
to be analyzed can be approximated sufficiently well by such random closed
sets.

A collection of closed sets is called a field of closed sets or a point process
of closed sets. Point processes can be defined as counting measures on any
measurable space. The best known case is that of

�
d, where the closed sets

are the points of
�

d. Counting measures may also be interpreted as particular
random measures. An introduction to the theory of random measures is given
in [Kal83], and the connection with point processes is explained in [DVJ88].

In this thesis, we will mainly be concerned with random closed sets that
have the important invariance property of stationarity. This property is
defined as invariance of the distribution of the random set under translations
by elements of

�
d. In materials science, samples are taken out of a material

and analyzed. In order to be able to extend the results of a local analysis
to the overall material, the material must be macroscopically homogeneous,
that is, it must have the same properties at every location, so that where
the sample is taken is of no importance. This macroscopical homogeneity
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corresponds to the concept of stationarity.
The term Stochastic Geometry was coined only in the 1970s and im-

age analysis has been one of the driving forces in the rapid development of
stochastic geometry over the past 30 years. Large data sets presented in the
form of images need to be analyzed and processed automatically. Therefore,
stochastic models are needed as descriptors of images as well as for their
statistical analysis. One area that has had a major influence on stochastic
geometry is integral geometry. G.Matheron used the various possibilities of-
fered, for example, by the use of Minkowski measures to obtain indirect mea-
surements of parameters that are difficult to measure otherwise. Minkowski,
or curvature, measures are important quantities studied extensively in the
context of integral geometry and stochastic geometry today.

Further areas that have influenced stochastic geometry are spatial statis-
tics and probability theory. Many methods and techniques from these fields
have been adapted to the problems arising in stochastic geometry. But al-
though D.G.Kendall sees the beginning of stochastic geometry in the articles
on spectral analysis of point processes by Bartlett, cf. [Bar63] and [Bar64],
the theory of spectral analysis, a vital tool in signal and image processing,
has not been integrated into the canon of stochastic geometry.

In signal and image processing, spectral analysis is used mainly to investi-
gate spectral representations of second order quantities, such as covariograms
and correlation functions. An image or a signal can be interpreted as a dis-
crete function observed within a bounded window. Then the second order
quantities describe the correlations between function values at two distinct
points. The Fourier transformation is a powerful tool in this context and
offers fast ways of calculation in applications.

In [Bar63], the spectral analysis of stationary point processes on the real
line

�
is introduced. The results are then extended to two-dimensional point-

processes in [Bar64]. The methods established by Bartlett are further applied
to two-dimensional point processes in [RF83] and [MR96], and a way of
interpreting the spectral quantity to gain information on the original process
is explained for ecological data. In [DVJ88], the theory is extended from
counting measures to stationary random measures, for which a second order
quantity, the covariance measure, exists. The application of spectral methods
to the analysis of random closed sets is proposed for the first time in [OM00].

The spectral analysis of the covariance function of a stationary random
closed set is performed in [Koc02] and [KOS03]. The covariance function,
which arises as the density of the reduced covariance measure associated
with the volume measure of the random closed set, is a continuous, positive-
definite function, so by an application of Bochner’s theorem, the existence of
an associated spectral quantity can be shown. The existence of this spectral
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quantity is then used to estimate the covariance function via frequency space.
In this thesis, a similar approach is used to establish the spectral analysis

of second order quantities associated with the surface measure of a station-
ary random closed set. In contrast to the covariance function associated with
the volume measure, the density of the surface covariance measure does not
necessarily exist and even if it does, it is not continuous in general. Thus,
difficulties arise which necessitate the use of different methods. We establish
the existence of a spectral quantity associated with the surface covariance
measure. Then the density of this measure is related to a tractable spec-
tral quantity and the difficulties arising in the construction of a practicable
estimator are discussed. Furthermore, a formula for the surface correlation
function for a standard model of a random closed set is derived. Using the
derivation process as a basis, a conjecture for a limit representation of the
second moment measure is then formulated. Finally, the suggested estimator
is applied to a standard model.
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Chapter 1

Preliminaries

In this chapter we will give basic definitions and introduce the notations used
throughout this work. Since the employed methodology stems mainly from
the fields of stochastic geometry and Fourier analysis, we will concentrate on
these. Standard results from measure and integration theory can be found,
for example, in [Coh80] or [ADD00].

1.1 Stochastic Geometry and Integral Geom-

etry

The following outline is based on [SW92], [SW00] and [MSSW90] and con-
tains some results formulated by [Mat75].

1.1.1 General Notations

We work throughout in the Euclidean space
�

d. Bk denotes the k-dimensional
unit ball, Sk−1 the unit sphere in

�
k, and νk denotes k-dimensional Lebesgue

measure on k-dimensional affine subspaces of
�

d. We put κk := νk(B
k)

and ωk = νk−1(S
k−1) in

�
k. In particular, we put νd =: ν. For x, y ∈ �

d,

〈x, y〉 =
d
∑

j=1

xjyj denotes the standard scalar product and ||x|| =
√

〈x, x〉 the

Euclidean length of x.

For a subset A ⊂ �
d we use the notations ∂A and intA to denote the

boundary and the interior of A, respectively, and the notation A to denote
the closure of A. Moreover, we write � A for the characteristic or indicator
function of the set A.

For subsets A,B ⊂ �
d and c ∈ �

, the Minkowski sum of A and B is

5



6 1.1. Stochastic Geometry and Integral Geometry

defined as

A+B := {a + b : a ∈ A, b ∈ B}
and the multiplication by a scalar as

cA := {ca : a ∈ A}.

The Minkowski sum A + B̌ is called the dilation of A by B. We write −A
for (−1)A, A − B for A + (−B) and A + x for A + {x}, where x ∈ �

d.
Furthermore, we write Ǎ := −A for the reflection of the set A at the origin.

For a topological space � , B( � ) denotes the σ-algebra of Borel sets of � .
A measure µ is a non-negative real-valued set function defined on a σ-algebra
A satisfying

µ

( ∞
⋃

k=1

Ak

)

=
∞
∑

k=1

µ(Ak), Ak ∈ A, Ai ∩ Aj = ∅, i 6= j,

and

µ(∅) = 0.

If µ is allowed to take negative values, it is called a signed measure. A signed
measure µ is called locally finite if |µ(A)| < ∞ for any compact subset A of

�
d. We denote the space of all totally finite measures on

�
d by M (

�
d) and

the space of locally finite measures on
�

d by M ′(
�

d).
A probability space is a triple (Ω,A, � ), where Ω is a set, A is a σ-algebra

on Ω, and � is a probability measure on A, that is, a measure satisfying
� (Ω) = 1.

1.1.2 Minkowski Functionals and Curvature Measures

A powerful tool for description and analysis of convex geometric objects is
given by the Minkowski functionals Wj and the related curvature measures
Φd−j. Let K denote the set of convex bodies in

�
d, that is, the set of nonvoid

convex subsets of
�

d, and let R denote the set of all finite unions of convex
bodies. R is called the convex ring. Furthermore, let S denote the extended
convex ring, that is, the set of all subsets M of

�
d such that M ∩ K is an

element of R for each K ∈ K.
We put Vd(K) := ν(K) for K ∈ K, and call Vd(K) the volume of K. For

a convex body K ∈ K and x ∈ �
d, p(x,K) denotes the uniquely determined

nearest point to x in K. It is called the projection of x onto K.
For the parallel body K + εBd of K ∈ K at distance ε ≥ 0, the Steiner

formula holds, cf. Satz 2.2.1 in [SW92]. It expresses the volume of the parallel
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body as a polynomial in ε,

Vd(K + εBd) =

d
∑

i=0

εi
(

d

i

)

Wi(K)

=

d
∑

j=0

εd−jκd−jVj(K).

In this way, the Minkowski functionals W0(= Vd), . . . ,Wd and the intrinsic
volumes V0, . . . , Vd are defined. These two series of functionals differ only in
their respective normalization factors. More precisely, the relation

κd−jVj(K) =

(

d

j

)

Wd−j(K)

holds for each K ∈ K.

A local version of the Steiner formula, based on the local parallel set

Uε(K,A) = {x ∈ � d : ‖x− p(x,K)‖ ≤ ε, p(x,K) ∈ A}

for a Borel subset A ∈ B(
�

d), leads to a series of Borel measures. Via

µε(K,A) := ν(Uε(K,A))

a finite Borel measure is defined for each ε > 0. The local Steiner formula,
cf. [SW92], states that, for each A ∈ B(

�
d) and each ε ≥ 0,

µε(K,A) =
d
∑

j=0

εd−jκd−jΦj(K,A) (1.1)

with locally finite measures Φj(K, ·), cf. Satz 2.3.3 in [SW92].

The measure Φj(K, ·) is called the j-th curvature measure of the body
K ∈ K for j = 0, . . . , d. For A =

�
d we have

Φj(K,
� d) = Vj(K) for j = 0, . . . , d,

that is, the total curvature measures coincide with the intrinsic volumes.
Thus, the following properties of the curvature measures hold also for the
intrinsic volumes.

For j = 0, . . . , d and A ∈ B(
�

d), the j-th curvature measure Φj(·, A) is

weakly continuous as a function of K, that is, Ki → K implies Φj(Ki, ·) w→
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Φj(K, ·) for i→ ∞. For each A ∈ B(
�

d), the function Φj(·, A) is measurable
on K, and Φj is motion covariant, that is, Φj(gK, gA) = Φj(K,A) for K ∈
K, A ∈ B(

�
d) and any rigid motion g of

�
d. Moreover, Φj is j-th order

homogeneous, that is, Φj(αK, αA) = αjΦj(K,A) forK ∈ K, A ∈ B(
�

d), α >
0, and Φj is defined locally, that is, for each open set B ⊂ �

d and all K,M ∈
K satisfying K ∩ B = M ∩ B we have

Φj(K,A) = Φj(M,A)

for each Borel set A ⊂ B, cf. [SW92], Satz 2.3.5.

The curvature measures defined by (1.1) on the set K of convex bodies
can be extended to the convex ring R. There are several ways to define these
extensions. Matheron showed that there exists a positive extension to the
convex ring (cf. [Mat75]), but we will mainly be concerned with an additive
extension, the existence of which was proved, for example, by Schneider and
Weil in [SW92].

A functional ϕ : K → X into a vector space X is called additive if
ϕ(∅) = 0 and

ϕ(K ∩M) + ϕ(K ∪M) = ϕ(K) + ϕ(M) (1.2)

for all K,M ∈ K satisfying K ∪ M ∈ K. In the same way, a functional
ϕ : R → X is called additive if ϕ(∅) = 0 and (1.2) holds for all K,M ∈ R.

The values of the additive extension of Φj to the convex ring, which shall
again be denoted by Φj, can be computed via the following equality, which
is a straightforward extension of the inclusion-exclusion principle,

Φj(K,A) =
∑

v∈S(r)

(−1)|v|−1Φj(Kv, A),

where K =
r
⋃

i=1

Ki, Ki ∈ K, S(r) is the family of nonvoid subsets of {1, . . . , r},
|v| is the number of elements of v ∈ S(r), and for v = {i1, . . . , ik}, we put
Kv := Ki1 ∩ . . . ∩Kik .

The mappings Vj : R → �
and Φj : R → M ′(

�
d) inherit the follow-

ing properties from the respective mappings on K. For j = 0, . . . , d, Vj

is additive, j-th order homogeneous and motion invariant and Φj is addi-
tive, j-th order homogeneous and motion covariant, cf. Satz 2.4.4 in [SW92].
Furthermore, the extended curvature measures are measurable as functions
of their first argument and they are defined locally, that is, for K,M ∈ R

satisfying K ∩ G = M ∩ G for some nonvoid open set G ⊂ �
d, we have

Φj(K,A) = Φj(M,A) for each Borel set A ⊂ G.
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For j = 0, . . . , d−1, the measure Φj(K, ·) is concentrated on the boundary
∂K of K. The d-th curvature measure of K ∈ R is just Lebesgue measure,

Φd(K,A) = ν(K ∩ A) for A ∈ B(
� d),

and for d− 1 the relation

2Φd−1(K,A) = H
d−1(∂K ∩ A)

holds for any A ∈ B(
�

d), provided that K is the closure of its interior.
Here, H d−1 is the (d − 1)-dimensional Hausdorff measure. If K ∈ K and
dimK = d − 1, that is, if K is a subset of a hyperplane of

�
d, the factor 2

cancels. For the results stated here, cf. [SW92], p.55.

The curvature measures Φj(K, ·), j = 0, . . . , d − 1, K ∈ R, can also be
introduced via the generalized curvature measures

Θj(K, ·), j = 0, . . . , d− 1,

defined on B(
�

d × Sd−1), cf. [Sch93]. These measures contain an additional
directional part of information and also satisfy a Steiner formula. The precise
relation is

dκd−jΦj(K,A) =

(

d

j

)

Θj(K,A× Sd−1)

for bounded A ∈ B(
�

d). A detailed account of generalized curvature mea-
sures can be found in [Sch93].

1.1.3 Random Sets

Let F be the system of closed subsets of
�

d, C the system of compact subsets
of

�
d and G the system of open subsets of

�
d, each including the empty set

∅. For A,A1, . . . , Ak ⊂ �
d, put

FA := {F ∈ F : F ∩ A = ∅}
FA := {F ∈ F : F ∩ A 6= ∅}

and
FA

A1,...,Ak
:= FA ∩ FA1 ∩ . . . ∩ FAk

, k ∈ � 0.

If k = 0, then FA
A1,...,Ak

= FA. The space F is topologized by the topology
Tf generated by the system

{FC : C ∈ C} ∪ {FG : G ∈ G}.
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The corresponding Borel σ-algebra B(F) is generated by each of the systems

{FG : G ∈ G}, {FC : C ∈ C}, {FG : G ∈ G} and {FC : C ∈ C}.

By Satz 2.1.2 in [SW00], the space F is compact with countable base.

We are now in a position to define random closed sets. Let (Ω,A, � )
be a probability space. A random closed set (RACS) is a Borel measurable
mapping Ξ : Ω → F. The distribution of Ξ is the image measure � Ξ under Ξ
of � . Two RACS Ξ,Ξ′ having the same distribution are called (stochastically)
equivalent (Ξ ∼ Ξ′).

A RACS Ξ is called stationary if its distribution is invariant under trans-
lations in

�
d, that is, if Ξx ∼ Ξ for all x ∈ �

d, and it is called isotropic if
its distribution is invariant under rotations in

�
d, that is, if ϑΞ ∼ Ξ for each

rotation ϑ ∈ SO(
�

d). We will be concerned mainly with stationary RACS,
and occasionally assume isotropy.

Characteristics of a Stationary RACS Ξ

In analogy to the distribution function of a random variable, one can define,
for each RACS Ξ, a functional

T : C → [0, 1]

C 7→ � Ξ(FC) = � (Ξ ∩ C 6= ∅),

which can be characterized as an alternating Choquet capacity of infinite
order. The functional T is called the capacity functional of the RACS Ξ in

�
d. It has the following properties:

1. 0 ≤ T ≤ 1, T (∅) = 0,

2. T (Ci) ↘ T (C) for Ci, C ∈ C, Ci ↘ C,

3. Sk(C;C1, . . . , Ck) ≥ 0 for C,C1, . . . , Ck ∈ C, k = 0, 1, 2, . . . , where

S0(C) := 1 − T (C)

and

Sk(C;C1, . . . , Ck) := Sk−1(C;C1, . . . , Ck−1)−Sk−1(C∪Ck;C1, . . . , Ck−1)

for k = 1, 2, . . .
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Conversely, there exists, for each functional T : C → [0, 1] satisfying the
three conditions above, a unique (up to equivalence) RACS Ξ whose associ-
ated functional is T .

For the RACS Ξ one can define a mean function p and a covariance
function covV via the corresponding stochastic field 1Ξ,

p(x) = � 1Ξ(x), x ∈ � d,

covV (x, y) = � (1Ξ(x) − p(x))(1Ξ(y) − p(y)), x, y ∈ � d.

In the stationary case, we have

p(x) = p(0) =: p

and

covV (x, y) = covV (x− y, 0) =: covV,0(x).

For the constant p,

p = � (o ∈ Ξ) =
� ν(Ξ ∩ A)

ν(A)

for each Borel set A ⊂ �
d satisfying ν(A) > 0. For that reason, p is called

the volume fraction or the volume density of Ξ.
For the covariance function we have

covV,0(x) = � (o ∈ Ξ, x ∈ Ξ) − p2.

CV (x) = covV,0(x) + p2 is called the covariance of Ξ. Since

CV (x) = � (o ∈ Ξ ∩ (Ξ − x)),

CV (x) is the volume fraction of the RACS Ξ ∩ (Ξ − x). If Ξ is isotropic,
CV (x) depends solely on the length ‖x‖ of x. Furthermore, for a stationary
RACS Ξ we have

p = � (o ∈ Ξ) = TΞ({0}) = � ν(Ξ ∩ Cd),

where Cd denotes the d-dimensional unit cube.

The measure VΞ(Ξ ∩ A) := ν(Ξ ∩ A) is called the volume measure of the
RACS Ξ. We use the subscript V in this context to denote the relation of
the covariance function to the volume measure.
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1.1.4 Point Processes

Point processes can be interpreted as particular RACS but also have a rep-
resentation as random counting measures. The use of point processes allows
the definition of an important class of RACS called the Boolean model which
is both flexible and quite well tractable mathematically. This model is intro-
duced at the end of the section. The following outline is based on [SW00].

A point x ∈ �
d can be identified with the point measure δx. This measure

is defined by

δx(A) :=

{

1, if x ∈ A,
0, if x /∈ A,

for A ∈ B(
�

d). It is a probability measure on B(
�

d). A finite or countable
sum

η :=
k
∑

i=1

δxi
, k ∈ � ∪ {∞},

defines a measure on B(
�

d); it is called a counting measure. If η({x}) ≤ 1
holds for all x ∈ �

d, then the counting measure is called simple.

Let N ′ = N ′(
�

d) be the set of all locally finite counting measures on
�

d

and N ′
e the set of simple measures in N ′. Furthermore, let N denote the

σ-algebra generated by the mappings

ΦA : N
′ → � ∪ {∞}
η 7→ η(A)

for A ∈ B(
�

d). The support of η is defined by

supp η := {x ∈ � d : η({x}) ≥ 1}.

It is a locally finite and closed subset of
�

d.

A point process in
�

d is a measurable mapping Ψ from a probability space
(Ω,A, � ) to the measurable space (N ′,N). The distribution of the point pro-
cess Ψ is the image measure � Ψ. A point process Ψ is called simple if Ψ ∈ N ′

e

a.s. By Satz 3.1.2 in [SW00], a simple point process Ψ is isomorphic to the
locally finite RACS supp Ψ. Hence, a point process can be interpreted either
as a counting measure or as a locally finite set. Stationarity and isotropy of
a point process are defined analogously as for a RACS via translation and
rotation invariance of its distribution.
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The intensity measure of a point process Ψ, defined by

Λ(A) := � Ψ(A) for A ∈ B(
� d),

corresponds to the expectation of a random variable. If Ψ is simple, then
Λ(A) gives the mean number of points of Ψ lying in A. Although Λ(C) can
be infinite for some C ∈ C, we will always assume Λ to be locally finite in
the following. If Ψ is stationary, then the intensity measure is given by

Λ(A) = λν(A),

with a constant λ ∈ [0,∞), which is called the intensity of the process.

The most important class of point processes are Poisson point processes.
A simple point process Ψ with intensity measure Λ is called a Poisson process,
if for all A ∈ B(

�
d) with Λ(A) < ∞, the a.s. real-valued random variable

Ψ(A) has a Poisson distribution.

The definition of a point process stated above has been formulated in the
locally compact space

�
d. More generally, point processes can be defined

on any locally compact space E with countable base, such as E =
�

d ×M ,
where M is a locally compact space with countable base and E is endowed
with the product topology. If a point process Ψ on

�
d ×M satisfies

Λ(C ×M) <∞ for all C ∈ C,

it is called a marked point process in
�

d with mark space M . A pair (y,m)
is then interpreted as a point y ∈ �

d endowed with a mark m ∈M .

The translation by x ∈ �
d on

�
d×M operates on

�
d only, so that station-

arity of the marked point process is understood with respect to translations
of its first component. For a stationary marked point process Ψ in

�
d with

mark space M and Λ 6≡ 0, we have

Λ = λν ⊗ �

with 0 < λ < ∞ and a unique probability measure � on M , cf. Satz 3.4.1
in [SW00]. λ is again called the intensity of the marked point process Ψ and
the measure � is called the mark distribution of Ψ.

A marked point process Ψ on E =
�

d × C′, where C′ := C\{∅}, is called
a germ-grain process. Here, the points x of the pairs (x, C) are interpreted
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as germs and the compact sets C + x as grains. Given a germ-grain process
Ψ, a RACS ΞΨ can be constructed as the union set

ΞΨ :=
⋃

(x,C)∈ supp Ψ

(C + x).

ΞΨ is called a germ-grain model. Conversely, every RACS Ξ can be repre-
sented as the union set of a germ-grain process Ψ such that Ψ inherits the
invariance properties of Ξ, cf. Satz 4.4.2 in [SW00].

Another possible example for the space E is the space Ed
k, k = 1, . . . , d−1,

of k-dimensional affine subspaces of
�

d. A point process on Ed
k is called a k-

plane process. If k = d−1, the process is called a hyperplane process. Let Ld
k

denote the set of k-dimensional linear subspaces of
�

d and for L ∈ Ld
k let L⊥

denote the orthogonal space of L. The intensity measure Λ of a stationary
k-plane process Ψ can be written, for all A ∈ B(Ed

k), as

Λ(A) = λ

∫

Ld
k

∫

L⊥

� A(L+ x)νd−k(dx) � 0(dL)

with 0 < λ < ∞ and a probability measure � 0 on Ld
k, cf. Korollar 4.1.2 in

[SW00]. λ is called the intensity and � 0 the directional distribution of Ψ.
λ and � 0 are uniquely determined by Λ. If Ψ is also isotropic, then � 0 is
invariant under rotations.

For a stationary hyperplane process Ψ with intensity λ,

�
∑

E∈Ψ

νd−1(E ∩ A) = λν(A)

for A ∈ B(
�

d), cf. Satz 4.1.4 in [SW00].

In the point process context, the following theorem is of great importance,
comparable to Fubini’s theorem of integration theory. A proof can be found,
for example, in [SW00], Satz 3.1.5.

Theorem 1.1.1 (Campbell) Let Ψ be a point process in
�

d and f :
�

d → �
a

nonnegative measurable function. Then
∑

x∈ � d

Ψ({x})f(x) is measurable and the

following equalities hold,

�
∑

x∈ � d

Ψ({x})f(x) = �
∫

� d

f(x)Ψ(dx) =

∫

� d

f(x)Λ(dx).
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Since Ψ is interpreted as a random counting measure here, the Campbell
theorem can be generalized to random measures on

�
d, cf. [DVJ88], p.188.

A random measure µ is a measurable mapping from a probability space
(Ω,A, � ) to the measurable space (M ′,M), where the σ-algebra M is defined
analogously as N. If µ is a random measure on

�
d with expectation measure

M = � µ, then the Campbell theorem for random measures yields the equality

�
∫

� d

f(x)µ(dx) =

∫

� d

f(x)M(dx)

for any nonnegative measurable function f :
�

d → �
.

Boolean Models

We can now introduce the most important model of RACS in applications,
that is, the Boolean model. Boolean models can be used both to describe a
particular empirical random set and to approximate more complicated ran-
dom sets. An introduction to the topic can be found in [SKM95].

Let Ψ with supp Ψ = {x1, x2, . . .} be a stationary Poisson process in
�

d

with intensity λ and let Ξ1,Ξ2, . . . be a sequence of independent, identically
distributed random compact sets in

�
d that are independent of Ψ and such

that
� ν(Ξ0 ∩ C) <∞ for all C ∈ C.

Here, Ξ0 denotes a further random compact set of the same distribution as the
Ξi but independent both of them and of Ψ. The Boolean model with primary
grain Ξ0 is the stationary germ-grain model ΞΨ̃ obtained as the union set of
the marked point process Ψ̃ with supp Ψ̃ = {(x1,Ξ1), (x2,Ξ2), . . .},

ΞΨ̃ =
⋃

(xi,Ξi)∈ supp Ψ̃

(Ξi + xi).

The Boolean model ΞΨ̃ is uniquely determined (up to stochastic equivalence)
by the intensity measure of the Poisson process of germs and the distribution

� of the primary grain Ξ0, cf. [SW00], p.150. Since the properties of the un-
derlying point process are not explicitly made use of in this work, we will omit
the subscript Ψ and use Ξ to denote Boolean models as well as general RACS.

The volume fraction and covariance of a stationary Boolean model Ξ are
given by

p = 1 − exp(−λ � ν(Ξ0))
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and

CV (x) = 2p− 1 + (1 − p)2 exp(λ � ν(Ξ0 ∩ (Ξ0 − x))), x ∈ � d,

respectively, cf. sect.3.1.1 in [SKM95].

1.2 Fourier Analysis

1.2.1 General Notation

In the following, let f :
�

d → �
. A function f is called measurable if it is

measurable with respect to the σ-algebra B(
�

d) of Borel subsets of
�

d. It is
then also Lebesgue measurable. Furthermore, a measurable function is inte-
grable, if it is integrable with respect to Lebesgue measure. A function f is
called essentially bounded if it is bounded outside a set of Lebesgue measure
zero.

For any p ∈ [1,+∞), the space of all measurable functions f :
�

d → �

for which
∫

|f(x)|pdx <∞,

is denoted by Lp(
�

d). With Np := {f : f = 0 a.e.}, the quotient vector space

Lp(
� d) := Lp(

� d)/Np

is obtained. It consists of equivalence classes of functions that coincide almost
everywhere (with respect to Lebesgue measure), but usually the elements of
Lp(

�
d) are treated as functions. The space Lp(

�
d) is endowed with a norm

via

f 7→ ‖f‖Lp :=
(

∫

� d

|f(x)|pdx
) 1

p .

Similarly, on the space L∞(
�

d) of all equivalence classes of essentially bounded
functions f :

�
d → �

a norm is defined by

f 7→ ‖f‖L∞ := inf
A∈B( � d)
ν(A)=0

sup
x∈ � d\A

|f(x)|.

With the norms given above, the spaces (Lp(
�

d), ‖ · ‖Lp) are complex Banach
spaces for each p ∈ [1,∞].
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A further space that is of great importance in the context of Fourier
analysis is the Schwartz space S (

�
d) of infinitely differentiable functions

f :
�

d → �
that, together with all their derivatives, converge to zero at

infinity faster than any inverse power of x. We have S (
�

d) ⊂ Lp(
�

d) for any
p ∈ [1,∞), cf. Satz 2.1 in part II of [SD80].

The convolution of two measurable functions f, g :
�

d → �
is the mapping

defined by

f ∗ g :
� d → � ∪ {−∞,∞}

x 7→
∫

� d

f(y)g(x− y)dy,

where the bar denotes complex conjugation. We use the notations

f ′(x) := f(−x), x ∈ � d,

to denote reflection of f at the origin and

f ∗(x) := f ′(x), x ∈ � d,

to denote involution so that

(f ∗ g∗)(x) =

∫

� d

f(y)g(y− x)dy.

Similar to the convolution of functions, the convolution of a measure µ on
B(

�
d) and a function f :

�
d → �

, which is measurable with respect to µ, is
defined by

f ∗ µ :
� d → � ∪ {−∞,∞}

x 7→
∫

� d

f(x− y)µ(dy).

1.2.2 Fourier Transformation

The Fourier transform of a function f ∈ L1(
�

d) is defined by

f̃ := Ff :
� d 3 ξ 7→ 1

√
2π

d

∫

� d

f(x)e−i〈ξ,x〉dx ∈ �
.
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Analogously, the Fourier cotransform of f is defined by

Ff :
� d 3 x 7→ 1

√
2π

d

∫

� d

f(ξ)ei〈x,ξ〉dξ ∈ �
.

By the Riemann-Lebesgue theorem, cf. [SD80], part II, Satz 1.1, f̃(ξ) → 0
as ‖ξ‖ → ∞, that is, the Fourier transform maps the space L1(

�
d) into the

space C0(
�

d) of continuous functions that vanish at infinity. The Fourier
transform and cotransform are linear. For a function f ∈ L1(

�
d) for which

f̃ ∈ L1(
�

d), the inversion formula

F ◦ Ff = f, F ◦ Ff = f,

holds, cf. [SD80], part II, Satz 1.8. For the Schwartz space S (
�

d), we have

F (S (
� d)) → S (

� d) ⊂ L2(
� d).

As a consequence of the Parseval identity
∫

� d

f(x)g(x)dx =

∫

� d

f̃(ξ)g̃(ξ)dξ

and the Plancherel identity
∫

� d

∣

∣f(x)
∣

∣

2
dx =

∫

� d

∣

∣f̃(ξ)
∣

∣

2
dξ

for f, g ∈ S (
�

d), cf. [SD80], part II, Satz 2.4, the Fourier transform and the
Fourier cotransform can be uniquely extended to mutually inverse isomor-
phisms on the Hilbert space L2(

�
d).

In the literature, different definitions of the Fourier transform are used.
Sometimes the factor 1√

2π
d is omitted for the Fourier transform and the co-

transform is normalized by 1
(2π)d . Also, in the exponents, i and −i are some-

times switched or replaced by ±2πi, where in the latter case the factor 1√
2π

d

disappears.

1.2.3 Bochner’s Theorem

A very important theorem needed in this work is Bochner’s theorem. It
provides the necessary means to establish the existence of a spectral quantity.
In order to be able to use it, we need to introduce the notion of positive-
definiteness for functions on

�
d. An introduction to the theory of positive-

definite functions on groups is given in [Sas94]. Since we will only consider
functions on

�
d, we adapt the formulations given there appropriately.
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Definition 1.2.1 A function f :
�

d → �
is called positive-definite, if for all

finite systems {x1, . . . , xn} ⊂ �
d and {c1, . . . , cn} ⊂ �

, the following inequality
holds

n
∑

i,j=1

f(xi − xj)cicj ≥ 0.

If two functions f, g :
�

d → �
are positive-definite, then so are the functions

f, f ∗,Re(f), |f |2, and fg. Moreover, for all a, b ≥ 0, the function af + bg is
positive-definite, cf. [Sas94], Thm.1.3.2.

If f :
�

d → �
is continuous, then the above condition is equivalent to

∫∫

� d � d

ϕ(x)ϕ(y)f(x− y)dxdy ≥ 0

for ϕ ∈ L1(
�

d) or ϕ ∈ Cc(
�

d), the continuous functions of compact support,
cf. [Boc32].

The notion of positive-definiteness arises naturally in the context of Fourier
analysis and it has proved particularly valuable in the development of har-
monic analysis on groups. The space

�
d can be interpreted as a locally

compact group. Positive-definiteness is defined analogously as stated above
for any group G, where in this case the group operation is written additively.
It can be shown that the continuous positive-definite functions on the group
G are closely connected with the unitary representations of G, cf. [Sas94],
sect. 1.3. This connection has been used to develop a harmonic analysis for
unitary representations in terms of integral decompositions of the associated
positive-definite functions.

A particularly important result in this context is Bochner’s theorem,
which we can now formulate.

Theorem 1.2.1 (Bochner) Let f :
�

d → �
be a continuous, positive-definite

function. Then there exists a unique positive Radon measure µ with finite total
mass µ(

�
d) = f(0) and

f(x) =
1

√
2π

d

∫

� d

ei〈ξ,x〉µ(dξ), x ∈ � d.

Conversely, for any positive measure µ ∈ M (
�

d), the Fourier-Stieltjes cotrans-
form

Fµ(x) =
1

√
2π

d

∫

� d

ei〈ξ,x〉µ(dξ), x ∈ � d,
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is a positive-definite function on
�

d satisfying µ(
�

d) = Fµ(0).

A Radon measure on the locally compact space
�

d is a signed measure taking
finite values on compact sets and having further properties which will not
be needed in this work. Details can be found, for example, in [Coh80]. The
proof of the first part of the theorem is given in [SD80], part II, Satz 3.7. For
the second part, see [SD80], part II, Satz 3.2.



Chapter 2

Spectral Analysis of Stationary

Random Closed Sets

In this chapter, spectral methods are used to analyze the second order surface
structure of a stationary random closed set. Since the probability of a point
lying on the surface of a stationary RACS is zero, it is impossible to define
second order probability functions for the surface directly. Therefore the
surface measure of the random closed set is considered. Quantities related to
the second order surface structure then arise as the densities of the associated
reduced second moment and reduced covariance measure.
In the first section, the surface measure is defined and important properties
are introduced. Then the existence of a spectral measure associated with
the reduced covariance measure is proved. The second section contains a
proof of an analogon of the theorem of Wiener-Khintchine, which is of basic
importance in signal analysis. Based on this result, the construction of an
estimator for the surface correlation function is discussed, which concludes
this chapter.

2.1 The Surface Measure of a Stationary Ran-

dom Closed Set

2.1.1 Definition and Properties

In the following, let Ξ be a stationary random closed set taking values a.s. in
the extended convex ring S. This assumption allows the use of the curvature
measures defined in the first chapter for statistical analysis of Ξ. Such a
RACS is called a random S-set.

For a deterministic set K in the extended convex ring that is the closure

21
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of its interior, the measure 2Φd−1(K, ·) measures the surface content of K
within A for any bounded Borel set A, that is,

2Φd−1(K,A) = H
d−1(A ∩ ∂K).

For this reason and since, for any bounded A ∈ B(
�

d), Φd−1(·, A) is
locally defined, we can use it to define the surface measure of the random
closed set Ξ, provided Ξ is a.s. the closure of its interior. If A ∈ B(

�
d) is

bounded and L ∈ K is such that A ⊂ intL, then

Φd−1(Ξ, A) := Φd−1(Ξ ∩ L,A)

is well-defined, measurable, and nonnegative. That is, Φd−1(Ξ, A) is a random
variable for any bounded Borel set A and thus, by Prop.6.1.III in [DVJ88],
the mapping

SΞ : B(
� d) → [0,∞)

A 7→ 2Φd−1(Ξ, A)

defines a locally finite random measure on B(
�

d). SΞ is called the surface
measure of the stationary RACS Ξ. Its distribution is the probability measure
it induces on the space M ′(

�
d) of locally finite measures on

�
d.

If Ξ is a locally finite union of subsets of hyperplanes of
�

d, for ex-
ample, if Ξ is the union set of a hyperplane process, then the equality
Φd−1(Ξ, A) = H d−1(∂Ξ ∩ A) holds for any bounded Borel set A, so that
in this case the factor 2 in the definition of the surface measure must be
omitted.

It is clear that SΞ inherits stationarity from Ξ, which means that the
distribution � SΞ

of SΞ is invariant under the shifts

T̂u � (B) = � (TuB)

for B ∈ B(M ′(
�

d)), where TuB = {Tuµ : µ ∈ B} and Tuµ is the shift
operator induced on M ′(

�
d) by the translations on

�
d

(Tuµ)(A) = µ(A+ u), A ∈ B(
� d),

cf. [DVJ88], ch. 10.1.

In analogy to the intensity measure of a point process, the first moment
measure of SΞ is defined by

MΞ,S(A) := � SΞ(A)
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for bounded A ∈ B(
�

d). By stationarity of SΞ, MΞ,S is translation invariant.
It coincides, up to a constant factor, with Lebesgue measure, which is the
unique measure on

�
d with this property, cf. Prop. 10.4.II in [DVJ88]. Thus,

MΞ,S(·) = SV ν(·).

The intensity SV of SΞ is called the specific surface of the stationary RACS
Ξ. It gives the mean surface area per unit volume. In the following, we will
always assume SV <∞.

Remark:

For general random closed sets with values not necessarily in the extended
convex ring, the surface measure SΞ can be defined via

SΞ(A) := H
d−1(∂Ξ ∩ A)

for any bounded Borel set A ∈ B(
�

d), provided the surface ∂Ξ of Ξ is suffi-
ciently smooth.

The second moment measure of SΞ is the measure on
� 2d defined by

M
(2)
Ξ,S(A× B) := � SΞ(A)SΞ(B)

for bounded Borel sets A,B ∈ B(
�

d). It can be shown that the Campbell
theorem holds for the second moment measure, cf. [DVJ88], p.188.

M
(2)
Ξ,S does not necessarily take on finite values, even on bounded sets, but

we will assume it is locally finite in the following. This is certainly the case
if Ξ satisfies the integrability condition

� 4N(Ξ∩K) <∞ for any K ∈ K, (2.1)

where N(K) denotes, for any K ∈ R, the minimal number n ∈ � such that
K has a representation of the form

K = K1 ∪ . . . ∪Kn, K1, . . . , Kn ∈ K.

This can be seen as follows.

Let A,B ∈ B(
�

d) be bounded and K,K0 ∈ K such that A,B ⊂ intK
and K ⊂ K0. Then the intersection Ξ ∩K ∈ R. Let

Ξ ∩K =

N(Ξ∩K)
⋃

i=1

Ki, Ki ∈ K,
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be a minimal representation of Ξ ∩K as a union of convex bodies. We can
assume without loss of generality that

∣

∣Φd−1(Ξ, A)
∣

∣ ≥
∣

∣Φd−1(Ξ, B)
∣

∣.

Then, using the additivity of Φd−1,

�
∣

∣Φd−1(Ξ, A)Φd−1(Ξ, B)
∣

∣ = �
∣

∣Φd−1(Ξ ∩K,A)Φd−1(Ξ ∩K,B)
∣

∣

≤ �
∣

∣Φd−1(Ξ ∩K,A)
∣

∣

2

= �
∣

∣

∑

v∈S(N(Ξ∩K))

(−1)|v|−1Φd−1(Kv, A)
∣

∣

2

≤ �



 sup
K′∈K

K′⊂K0

∣

∣Φd−1(K
′, A)

∣

∣2N(Ξ∩K0)





2

= sup
K′∈K

K′⊂K0

∣

∣Φd−1(K
′, A)

∣

∣

2 � 4N(Ξ∩K0).

The last expectation is finite if Ξ satisfies (2.1), which yields the assumption.
Clearly, this condition also ensures the finiteness of MΞ,S.

Similar to MΞ,S, M
(2)
Ξ,S also has an important invariance property due to

the stationarity of SΞ. For x ∈ �
d and bounded Borel sets A,B ∈ B(

�
d) we

have

M
(2)
Ξ,S((A+ x) × (B + x)) = � SΞ(A+ x)SΞ(B + x)

= � TxSΞ(A)TxSΞ(B)

= � SΞ(A)SΞ(B)

= M
(2)
Ξ,S(A× B)

since � TxSΞ
= � SΞ

. As the rectangular Borel sets A×B generate the product

σ-algebra in
� 2d, M

(2)
Ξ,S is invariant under the diagonal shifts Dx defined for

any x ∈ �
d and (y1, y2) ∈

� 2d by

Dx(y1, y2) = (y1 + x, y2 + x).

We are now in a position to state an important property of the surface
measure SΞ.

Definition 2.1.1 A locally finite random measure is second order stationary if

• its first moment measure exists as a locally finite measure and is translation
invariant, and
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• its second moment measure exists as a locally finite measure and is invariant
under diagonal shifts.

Hence, we can formulate the following

Lemma 2.1.1 Let Ξ be a stationary random S-set satisfying (2.1). Then the
surface measure SΞ of Ξ is second order stationary.

Closely related to the second moment measure is the covariance measure
of SΞ. It is defined as

CovΞ,S(A× B) := cov(SΞ(A), SΞ(B))

= M
(2)
Ξ,S(A×B) −MΞ,S(A)MΞ,S(B).

The covariance measure inherits diagonal shift invariance from M
(2)
Ξ,S.

Due to diagonal shift invariance, M
(2)
Ξ,S and CovΞ,S factorize into a Lebesgue

part along the diagonal y1 = y2 and a reduced measure along the rest of the
space

� 2d, cf. [DVJ88], Lemma 10.4.III. That is, for any bounded measurable
function f of compact support, we have,

∫

� 2d

f(x1, x2)M
(2)
Ξ,S(dx1, dx2) =

∫

� d

dx

∫

� d

f(x, x+ h)M̂
(2)
Ξ,S(dh) (2.2)

and
∫

� 2d

f(x1, x2)CovΞ,S(dx1, dx2) =

∫

� d

dx

∫

� d

f(x, x + h)ĈovΞ,S(dh) (2.3)

where M̂
(2)
Ξ,S and ĈovΞ,S are symmetric, locally finite measures. They are

called the reduced second moment measure and the reduced covariance mea-
sure, respectively. We will be concerned mainly with the (reduced) second
moment measure, but since in spectral analysis quantities in frequency space
are, by convention, associated with covariances, we include the covariance
measure here for clarity.

If the RACS Ξ is isotropic as well as stationary, then the second order
structure of the measure SΞ can be summarized by the reduced second mo-
ment function K(·) defined by

K(r) := S−2
V M̂

(2)
Ξ,S(Br(0)), r ≥ 0.
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The quantity SVK(r) can be interpreted as the mean area of all surface pieces
contained in a ball of radius r centred at a ’typical’ surface point of Ξ, cf.
[SKM95], p.302.

The second moment measure M
(2)
Ξ,S can be absolutely continuous with

respect to Lebesgue measure. Then its density

m(2)(x, y), x, y ∈ � d,

is called the surface product density of SΞ. The density of the reduced second
moment measure M̂

(2)
Ξ,S in this case is related to m(2) via

m(h) = m(2)(x, x + h), x, h ∈ � d,

cf. [DVJ88], Prop.10.4.V. In materials science, the function m is known as the
two-point surface-surface correlation function; we will refer to it as surface
correlation function for short. Moreover, the density covS of the reduced
covariance measure, called the surface covariance function, is given by

covS(x) = m(x) − S2
V , x ∈ � d.

The subscript S denotes the relation to the surface measure. Quite similarly,
the covariance function covV,0 arises as the density of the reduced covariance

measure ˆCovΞ,V associated with the volume measure VΞ of a stationary RACS
Ξ, cf. [Koc02].

If they exist, the densities m and covS contain all the second order infor-
mation related to the surface of the stationary RACS Ξ. Therefore, they are
indispensable quantities for the analysis of the second order surface structure
of Ξ.

The absolute continuity of the second moment measure of SΞ has not
received much consideration in the literature so far. Only recently, Ballani
has proved the existence of the surface product density for certain classes of
random S-sets, cf. [Bal05]. Every random closed set whose realizations lie
a.s. in the extended convex ring and that satisfies

� N(Ξ ∩ C) <∞

for all C ∈ C′ can be represented as the union set of a point process Ψ on
the product space

�
d ×K, cf. [SW00], Satz 4.4.2. If the intensity measure of

Ψ is given by
Λ(d(x,K)) = f(x,K)dx � (dK),
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then the absolute continuity of M
(2)
Ξ,S basically depends on the mark distribu-

tion � . Ballani has shown that the product density exists whenever the Ki

are strictly convex and whenever the mark distribution is rotation invariant,
loc.cit.

However, there are also examples where M
(2)
Ξ,S is not absolutely continu-

ous. This is the case if there exists a set of grains that has positive � -measure
and whose elements all have a planar surface part with outer normal vector
u. As an example for such a RACS, one can think of a union of cuboids that
are all parallel, loc.cit.

To conclude this section, we will give two examples of stationary isotropic
RACS for which the surface product densities exist and can be calculated
explicitly.

Example 2.1.1

Let Ξ be a stationary isotropic Boolean model in
�

d, d ≥ 2, whose primary
grains are spherical shells of radius R and let λ denote the intensity of the
underlying Poisson point process. Ξ is not an S-set since its grains are not
convex. Its surface is sufficiently smooth, however, to allow for the definition
of the surface measure of Ξ via

SΞ(A) := H
d−1(∂Ξ ∩ A)

for bounded Borel sets A ∈ B(
�

d).

The specific surface is given by

SV = dλκdR
d−1.

By isotropy it suffices to consider the reduced second moment function K(r)
of Ξ. As mentioned above, the quantity SVK(r) can be interpreted as the
mean area of surface pieces within a ball of radius r centred at a ’typical’
surface point.

By an analogon of the theorem of Slivnyak, cf. [SKM95], the part of the
Boolean model not containing the shell holding the ’typical’ point has the
same distributional properties as the original model, so that the contribution
of these shells is given by � SΞ(Br(0)) = SV ν(Br(0)). The contribution of the
shell on which the ’typical’ point is located is the area of the spherical cap
cut out of this shell by the ball of radius r centred at the ’typical’ point.

Hence, SVK(r) can be evaluated to

SVK(r) = SV κdr
d + F (r), r ≥ 0,



28 2.1. The Surface Measure of a Stationary Random Closed Set

where

F (r) =











Rd−1ωd−1

arccos(1− r2

2R2 )
∫

0

sind−2(ϕ)dϕ, r < 2R,

Rd−1ωd, r ≥ 2R,

is the area of the spherical cap. For a derivation of F (·), see Appendix A.
Clearly, SVK(r) is continuous in r = 2R and hence differentiable. We

can calculate the density m of the measure M̂
(2)
Ξ,S via

m(r) =
S2

V

dκdrd−1

d

dr
K(r).

Thus, we obtain

m(r) = S2
V +

λRd−1

rd−1

d

dr
F (r), r ≥ 0.

Note that the density of the covariance measure,

covS(r) = m(r) − S2
V =

λRd−1

rd−1

d

dr
F (r),

is zero for r ≥ 2R, since d
dr
F (r) = 0 for r ≥ 2R.

For d = 3, we obtain the explicit results

m(r) =

{

S2
V + 2λπR2

r
, r < 2R,

S2
V , r ≥ 2R,

and

covS(r) =

{

2λπR2

r
, r < 2R,

0, r ≥ 2R.

Example 2.1.2

Another example of a stationary RACS for which the surface product density
exists is the RACS Ξ obtained as the union set of a stationary isotropic
Poisson hyperplane process Ψ in

�
d, where Ψ has locally finite intensity

measure Λ. The intersection of Ξ with a convex body K ∈ K a.s. is a finite
union of convex bodies, so that Ξ can be interpreted as an S-set. Since such
an intersection a.s. consists of subsets of hyperplanes, the surface measure
can be interpreted to measure the part of Ξ contained in the bounded set
A ∈ B(

�
d), that is,

SΞ(A) = H
d−1(∂Ξ ∩ A) = H

d−1(Ξ ∩ A),
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from which it follows that

SΞ(A) = νd−1(Ξ ∩ A) =
∑

E∈Ψ

νd−1(E ∩ A),

since H k = νk on any k-dimensional linear subspace of
�

d. This follows from
Thm. 2.10.35 of [Fed69] and the last equality holds due to the additivity of
νd−1. Since

�
∑

E∈Ψ

νd−1(E ∩ A) = λν(A)

for a stationary hyperplane process, the specific surface SV in this case is
just the intensity λ of the process.

The reduced second moment function SVK(r) is given by

SVK(r) = SV κdr
d + κd−1r

d−1, r ≥ 0,

which can be explained analogously as in the previous example. This formula
is a generalization of the results for the two- and three-dimensional cases
given in [SKM95], pp.285 and 302, respectively.

The density m calculates to

m(r) = S2
V +

SV Γ(d
2
)

πΓ(d−1
2

)r
r ≥ 0,

whence

covS(r) =
SV Γ(d

2
)

πΓ(d−1
2

)r
, r ≥ 0.

Thus, the covariance density is > 0 for all r ≥ 0 in this case.

2.1.2 The Bartlett Spectrum

As we have seen, the reduced covariance measure of a stationary random
S-set Ξ does not necessarily have a density. Even if it does, the density in
general is not necessarily continuous nor an element of Lp(

�
d), 1 ≤ p ≤ 2.

Hence, it may not be Fourier transformable. It is convenient, therefore, to
consider the measure ĈovΞ,S itself. Since it is not totally finite in general,
its Fourier-Stieltjes transform does not necessarily exist. Thus we must first
define what is meant by a Fourier transform in the context of locally finite
measures. Similar to the theory of generalized functions, the Parseval identity
can be used for the definition, cf. [DVJ88], Def.11.1.I.
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Definition 2.1.2 A locally finite signed measure µ on
�

d is transformable if
there exists a locally finite measure η on

�
d such that

∫

� d

ψ̃(ξ)µ(dξ) =

∫

� d

ψ(x)η(dx) (2.4)

holds for all ψ ∈ S (
�

d).
The measure η is called the Fourier transform of µ.

If µ is totally finite, then (2.4) is just the usual Parseval identity, cf. [SD80],
part II, Satz 1.10. Hence, this definition extends the classical definition of
the Fourier transformation on L1(

�
d).

The general proof of the transformability of the reduced covariance mea-
sure of a second order stationary random measure has been given in Prop.
11.2.I of [DVJ88]. We will follow their line of argumentation to establish the
existence of a spectral measure associated with ˆCovΞ,S.

Let ϕ be a bounded measurable function of compact support. Then

0 ≤ var

∫

� d

ϕ(x)SΞ(dx)

= �
∫∫

� d � d

ϕ(x1)ϕ(x2)SΞ(dx1)SΞ(dx2) − S2
V

∫∫

� d � d

ϕ(x1)ϕ(x2)dx1dx2

=

∫∫

� d � d

ϕ(x1)ϕ(x2)CovΞ(dx1, dx2)

=

∫∫

� d � d

ϕ(x)ϕ(x + h)dx ˆCovΞ,S(dh)

symm.
=

∫∫

� d � d

ϕ(x)ϕ(x− h)dx ˆCovΞ,S(dh)

=

∫

� d

ϕ ∗ ϕ∗(h) ˆCovΞ,S(dh).

As an immediate consequence, we obtain

∫

� d

ψ ∗ ψ∗(x) ˆCovΞ,S(dx) ≥ 0
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for all bounded measurable ψ of compact support. A locally finite measure
satisfying this inequality for all such ψ is called positive-definite. If we replace
the variance above by the expectation, we can easily see that M̂

(2)
Ξ,S is also

positive-definite. This property is essential in proving the transformability
of M̂

(2)
Ξ,S and ˆCovΞ,S.

It is not difficult to see that the measure M̂
(2)
Ξ,S is nonnegative. This follows

from the nonnegativity of SΞ and from the fact that for all bounded Borel
sets A ∈ B(

�
d), M̂

(2)
Ξ,S(A) can be expressed as

M̂
(2)
Ξ,S(A) = �

∫

Cd

SΞ(A+ x)SΞ(dx),

where Cd denotes the d-dimensional unit cube. This equality can easily be
deduced from (2.2) by putting f(x1, x2) = � Cd(x1) � A(x2−x1), cf. Prop.10.4.V

in [DVJ88]. Since ˆCovΞ,S is the difference of the nonnegative measures M̂
(2)
Ξ,S

and S2
V ν, it is a signed measure rather than a measure. Nonnegativity simpli-

fies the following argumentation immensely, so we will restrict our attention
to M̂

(2)
Ξ,S for the moment.

Let A ∈ K with ν(A) > 0 and o ∈ intA. The function

γA(x) = � A ∗ � ∗
A(x)

is nonnegative, continuous and of compact support, and it is symmetric,
because

γA(x) =

∫

� d

� A(y) � A(y − x)dy

u=y−x
=

∫

� d

� A(u+ x) � A(u)du

= γA(−x)

for all x ∈ �
d. If A = Cd is the d-dimensional unit cube,

γCd(x) =
d
∏

i=1

(1 − |xi|)+, x ∈ � d,

which is the multivariate extension of the triangular probability density used
as a smoothing function in probability theory.
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Hence, we can use γA to obtain a smoothed version of the measure M̂
(2)
Ξ,S.

The convolution
(

γA ∗ M̂ (2)
Ξ,S

)

(x) =

∫

γA(x− y)M̂
(2)
Ξ,S(dy)

is well-defined, since M̂
(2)
Ξ,S is locally finite, and the function

c(x) :=
(

γA ∗ M̂ (2)
Ξ,S

)

(x)

is real-valued and continuous.
Let ψ be a bounded measurable function of compact support. Then, since

with A ∈ K compact we also have −A ∈ K compact, ψ ∗ � (−A)(·) = ψ ∗ � ′
A(·)

is measurable, bounded and of compact support. We have
∫

ψ ∗ ψ∗(x)c(x)dx =

∫∫

ψ ∗ ψ∗(x)
(

γA ∗ M̂ (2)
Ξ,S

)

(x)dx

=

∫∫

ψ ∗ ψ∗(x)γA(x− y)M̂
(2)
Ξ,S(dy)dx

=

∫

(ψ ∗ ψ∗) ∗ ( � A ∗ � ∗
A)′(y)M̂

(2)
Ξ,S(dy)

=

∫

(ψ ∗ � ′
A) ∗ (ψ ∗ � ′

A)∗(y)M̂
(2)
Ξ,S(dy),

which follows by standard calculations. But M̂
(2)
Ξ,S is positive-definite so that

the last term on the right hand side is ≥ 0. Hence,
∫

ψ ∗ ψ∗(x)c(x)dx ≥ 0,

which is equivalent to the positive-definiteness of c(·), since c(·) is continuous.
By Thm.1.4.1 in [Sas94], c(·) is bounded, say, by K <∞.

Consider the function γA. Since A contains the origin in its interior, γA(x)
is bounded away from zero for ‖x‖ sufficiently small. That is, for ‖x‖ ≤ h,
γA(x) ≥ k > 0 for a suitable constant k. Hence, for a ball Bh(x) with centre
at some x ∈ �

d, we obtain

M̂
(2)
Ξ,S(Bh(x)) =

∫

� d

� Bh(x)(y)M̂
(2)
Ξ,S(dy)

= k−1

∫

� d

k � Bh(0)(y − x)M̂
(2)
Ξ,S(dy)

≤ k−1

∫

� d

γA(x− y)M̂
(2)
Ξ,S(dy)

= k−1c(x) ≤ k−1K <∞,
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where we have used the symmetry of γA and the positivity of M̂
(2)
Ξ,S. Hence,

for the given h, there exists a constant Kh such that M̂
(2)
Ξ,S(Bh(x)) ≤ Kh

for all x ∈ �
d. Now consider the ball Bh′(y), y ∈ �

d, h′ 6= h. Bh′(y) can
be covered by a finite number of translated versions of Bh(x). From the

positivity of M̂
(2)
Ξ,S it follows that M̂

(2)
Ξ,S(Bh′(y)) ≤ Kh′ for a suitable constant

Kh′.

Definition 2.1.3 A locally finite signed measure µ on
�

d is called translation

bounded if for all h > 0 there exists a finite constant Kh such that

∣

∣µ(Bh(x))
∣

∣ ≤ Kh

for all x ∈ �
d.

We have now established the following result:

Lemma 2.1.2 The reduced second moment measure associated with the surface
measure of a stationary random S-set satisfying (2.1) is translation bounded.

The same smoothing technique as above can be used to establish the
transformability of the measures M̂

(2)
Ξ,S and ˆCovΞ,S. Since M̂

(2)
Ξ,S is translation

bounded, the convolution
(

g ∗ M̂ (2)
Ξ,S

)

is well-defined for any function g ∈
L1(

�
d), cf. Corollary 1.1 in [AGdL74]. Clearly, if the function g is continuous,

then so is the convolution
(

g ∗ M̂ (2)
Ξ,S

)

.
A suitable smoothing function is given by any element of the family

fλ(x) =

(

λ

2

)d

e
−λ

d
P

j=1
|xj |
, λ > 0,

which is the multivariate extension of the double exponential density of prob-
ability theory. The function fλ, λ > 0, is bounded and continuous, hence
integrable,

∫

� d

fλ(x)dx = 1,

and its Fourier transform

f̃λ(ξ) =

d
∏

j=1

λ2

λ2 + ξ2
j

, ξ ∈ � d,
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is clearly symmetric, continuous and > 0 for all ξ ∈ �
d, which will prove

valuable in the following. For λ <∞, we have
∫

� d

∣

∣fλ(x)
∣

∣

2
dx <∞,

so that fλ is positive-definite by Thm.1.9.12 in [Sas94].

Fix λ < ∞. The convolution
(

fλ ∗ M̂ (2)
Ξ,S

)

is well-defined and defines a

continuous positive-definite function on
�

d, which follows from the positive-
definiteness of fλ and M̂

(2)
Ξ,S.

Hence, we are now in a position to apply Bochner’s theorem. This yields
the existence of a finite measure Gλ such that

(

fλ ∗ M̂ (2)
Ξ,S

)

(x) =
1

√
2π

d

∫

� d

ei〈x,ξ〉Gλ(dξ).

Thus, for any integrable function k, we obtain, by an application of Fubini’s
theorem,

∫

� d

k(x)
(

fλ ∗ M̂ (2)
Ξ,S

)

(x)dx =

∫

� d

k(x)
1

√
2π

d

∫

� d

ei〈x,ξ〉Gλ(dξ)dx

=

∫

� d

1
√

2π
d

∫

� d

k(x)ei〈x,ξ〉dxGλ(dξ)

=

∫

� d

1
√

2π
d

∫

� d

k(x)e−i〈x,−ξ〉dxGλ(dξ)

=

∫

� d

k̃(−ξ)Gλ(dξ).

Now we define a measure G on
�

d via

G(dξ) = f̃λ(ξ)
−1
√

2π
−d
Gλ(dξ).

Then G is locally finite, since Gλ is finite and f̃−1
λ is continuous. We will

show that G thus defined satisfies the relation
∫

� d

ψ̃(x)M̂
(2)
Ξ,S(dx) =

∫

� d

ψ(ξ)G(dξ)

for all ψ ∈ S , which yields the transformability of M̂
(2)
Ξ,S.
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Let ψ ∈ S , so that ψ has a Fourier transform ψ̃ ∈ S . The function h
defined by

h(ξ) := ψ(−ξ)f̃λ(ξ)
−1
√

2π
−d

is an element of S . Hence, h is the Fourier transform of a function k, say,
that is

k̃(ξ) = ψ(−ξ)f̃λ(ξ)
−1
√

2π
−d
.

For a function ψ ∈ S , we have, for ξ ∈ �
d,

˜̃ψ(ξ) =
1

√
2π

d

∫

� d

ψ̃(x)e−i〈x,ξ〉dx

=
1

√
2π

d

∫

� d

ψ̃(x)ei〈x,−ξ〉dx

= ψ(−ξ).

Thus, since F (k∗fλ) =
√

2π
d
F (k) ·F (fλ), cf. [Kön00], ch. 10.2.II, it follows

that k satisfies
ψ̃(ξ) = k ∗ fλ(ξ).

Furthermore, by multiple application of Fubini’s theorem, we obtain
∫

ψ̃(x)M̂
(2)
Ξ,S(dx) =

∫

(

k ∗ fλ

)

(x)M̂
(2)
Ξ,S(dx)

=

∫∫

k(y)fλ(x− y)dyM̂
(2)
Ξ,S(dx)

fλsymm.
=

∫∫

k(y)fλ(y − x)M̂
(2)
Ξ,S(dx)dy

=

∫

k(y)
(

fλ ∗ M̂ (2)
Ξ,S

)

(y)dy

=

∫

k̃(−ξ)Gλ(dξ)

f̃λsymm.
=

∫

ψ(ξ)f̃λ(ξ)
−1
√

2π
−d
Gλ(dξ)

=

∫

ψ(ξ)G(dξ).

Since ψ was arbitrary, the equation holds for all ψ ∈ S . Integrals with
respect to the functions ψ ∈ S uniquely determine a locally finite measure,
so that G is uniquely determined by M̂

(2)
Ξ,S and vice versa. Hence, M̂

(2)
Ξ,S is

transformable.
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It can now be deduced that the reduced covariance measure is also trans-
formable. As Lebesgue measure is transformable, which can be shown by the
same argumentation as for M̂

(2)
Ξ,S, a locally finite measure Γ satisfying

∫

� d

ψ̃(x) ˆCovΞ,S(dx) =

∫

� d

ψ(ξ)Γ(dξ)

for all ψ ∈ S can be defined via the difference of the transforms of M̂
(2)
Ξ,S and

the measure S2
V ν.

Theorem 2.1.1 Let Ξ be a stationary random S-set satisfying (2.1) and let
SΞ denote the corresponding surface measure. Then there exists a locally finite
spectral measure Γ on

�
d such that

∫

� d

ψ̃(x) ˆCovΞ,S(dx) =

∫

� d

ψ(ξ)Γ(dξ)

for all ψ ∈ S . The measure Γ is called the Bartlett spectrum of SΞ.

If the reduced covariance measure is absolutely continuous with respect
to Lebesgue measure, that is, if its density covS on

�
d exists, we have, for

any bounded Borel set A,

ĈovΞ,S(A) =

∫

A

covS(x)dx.

If, in addition, covS is absolutely integrable, then its Fourier transform ˜covS

exists. Then, for any ψ ∈ S , the Parseval relation, cf. Satz 1.2 in part II of
[SD80], yields

∫

� d

ψ̃(x) ˆCovΞ,S(dx) =

∫

� d

ψ̃(x)covS(x)dx

=

∫

� d

ψ(ξ) ˜covS(ξ)dξ

=

∫

� d

ψ(ξ)Γ(dξ).

Due to the determining properties of the elements of S , it follows that the
measures ˜covS(ξ)dξ and Γ(dξ) coincide.
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Thus, if the density covS of the reduced covariance measure of a station-
ary random S-set Ξ exists and is integrable, then the Bartlett spectrum Γ of
Ξ is absolutely continuous with density ˜covS.

Example 2.1.3

Consider the Boolean model as in Example 2.1.1. The density of the reduced
covariance measure is given by

covS(r) =

{

λRd−1

rd−1 sind−2(arccos(1 − r2

2R2 )) 1
q

R2− r2

4

, r < 2R,

0, r ≥ 2R,

where r = ‖x‖ is the distance to the origin of a point x ∈ �
d, cf. Appendix

A.
As a function of x ∈ �

d, covS(x) is integrable over
�

d. Hence, the density
of the Bartlett spectrum is given by ˜covS.

Since covS is a radial function, its Fourier transform also is a function of
the distance ‖ξ‖ to the origin of ξ ∈ �

d. By Satz 4.1 in part II of [SD80], for
d ≥ 2, it can be expressed as an integral involving the Bessel function J d−1

2

of order d−1
2

, that is,

˜covS(ξ) =
1

‖ξ‖ d−1
2

∞
∫

0

covS(r)r
d
2 J d−2

2
(r‖ξ‖)dr

for every ξ ∈ �
d.

Example 2.1.4

In contrast to the previous example, we find a different situation in Example
2.1.2. The covariance density

covS(x) =
SV Γ(d

2
)

πΓ(d−1
2

)‖x‖ , x ∈ � d,

of the union set Ξ of a stationary, isotropic Poisson hyperplane process is
integrable over the ball BR(0) for any radius R < ∞, which follows from
Bsp. 8.2.II(i) in [Kön00]. But since

∫

BR(0)

covS(x)dx = SV

Γ(d
2
)

πΓ(d−1
2

)
κdR

d → ∞ (R → ∞),

the covariance density is not integrable over
�

d. Hence, the Bartlett spectrum
does not have a density in this case.
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2.2 Wiener-Khintchine Type Theorem

Consider a function f ∈ L2(
�
) interpreted as a signal depending on time.

The second order structure of the signal is described by its autocorrelation
function. Hence, if the Fourier transform of the autocorrelation function
exists, it will provide the same second order information as a function in
frequency space. In practical applications, such as physics and materials sci-
ence, often spectral quantities are more easily interpretable than quantities
given in the original space, therefore it is desirable to find spectral represen-
tations of second order quantities. The Wiener-Khintchine theorem provides
the necessary means.

For a function f ∈ L2(
�
), the L2 norm

‖f‖2
L2 =

∫

�

|f(t)|2dt

is called the energy norm. Thus

Ef := ‖f‖2
L2

describes the total energy of the function. By the Plancherel theorem, in
L2(

�
) we have

∫

�

|f(t)|2dt =

∫

�

|f̃(ξ)|2dξ

so that |f̃(ξ)|2 describes the distribution of energy as a function of frequency.
It is called energy density spectrum. The Wiener-Khintchine theorem, cf.
[MP96], p.299, states that the energy density spectrum is equal to the Fourier
transform of the autocorrelation function associated with the signal.

In the higher-dimensional context, the energy density spectrum of f ∈
L2(

�
d) can be interpreted as a function of spatial frequency.

For a stationary RACS Ξ and a compact set W ⊂ �
d of positive volume,

the energy density spectrum of Ξ with respect to W is defined by

edsW (x) = � |f̃(x)|2

where the function
f(x) = � W (x)( � Ξ(x) − p)

is defined via the stochastic field � Ξ corresponding to Ξ. In [Koc02], an
analogon of the theorem of Wiener-Khintchine has been established relating
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edsW to the covariance function covV,0 of Ξ, which arises as the density of
the reduced covariance measure associated with the volume measure VΞ of
Ξ. Furthermore, a relation between the paircorrelation function of a station-
ary simple point process Ψ and the energy density spectrum of the random
function XW has been established, where XW is the restriction to W of the
stochastic process X defined as the convolution of the mean corrected pro-
cess (Ψ − Λ) with a suitable kernel function. Here, Λ denotes the intensity
measure of Ψ.

Since the characteristic function � ∂Ξ of the boundary ∂Ξ of a stationary
random S-set Ξ is a.s. equal to zero, the definition of the energy density spec-
trum of ∂Ξ is of no use. Instead, it is more convenient to consider a smoothed
version of the surface measure SΞ. By convolving the surface measure with
a suitable kernel function, a stochastic process can be defined. Then the
covariance function of the process is related to the second order densities of
SΞ, so that a relation of the Wiener-Khintchine type will carry implications
on these quantities.

In the following, let Ξ be a stationary random S-set with surface measure
SΞ and locally finite first moment measure MΞ,S. Let κ be a nonnegative
function from

�
d to

�
satisfying

∫

� d

κ(x)dx = 1.

Note that the function κ∗κ∗ then is symmetric, which can be shown similarly
as for γA in the previous section, and satisfies

∫

� d

κ ∗ κ∗(x)dx =

∫∫

� d � d

κ(y)κ(y − x)dydx
Fubini

=

∫

� d

κ(x)dx

∫

� d

κ(y)dy = 1

due to the translation invariance of Lebesgue measure. Moreover, if κ is of
compact support, then so is κ ∗ κ∗.

We define the stochastic process X0 on
�

d via

X0 : Ω × � d → �

(ω, x) 7→
(

(SΞ −MΞ,S) ∗ κ
)

(x).

The mapping is well-defined and measurable, which follows from the Camp-
bell theorem for random measures.
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We have

� X0(x) = �
(

(SΞ −MΞ,S) ∗ κ
)

(x)

= �
((

SΞ ∗ κ
)

(x) −
(

MΞ,S ∗ κ
)

(x)
)

= �
∫

� d

κ(x− y)SΞ(dy) −
∫

� d

κ(x− u)MΞ,S(du)

=

∫

� d

κ(x− y)MΞ,S(dy) −
∫

� d

κ(x− u)MΞ,S(du)

= 0

for x ∈ �
d by an application of the Campbell theorem and, in particular,

(

MΞ,S ∗ κ
)

(x) =

∫

� d

κ(x− y)MΞ,S(dy) = SV

∫

� d

κ(x− y)dy = SV , x ∈ � d.

The covariance function of the process X0 is defined by

covX0 :
� d × � d → �

(x, y) 7→ �
(

X0(x) − � X0(x)
)(

X0(y) − � X0(y)
)

.

For x, y ∈ �
d, we then obtain

covX0(x, y) = � X0(x)X0(y)

= �





∫

� d

κ(x− s)SΞ(ds) − SV









∫

� d

κ(y − t)SΞ(dt) − SV





= �
∫∫

� d � d

κ(x− s)κ(y − t)SΞ(ds)SΞ(dt)

−SV �
∫

� d

κ(x− s)SΞ(ds) − SV �
∫

� d

κ(y − t)SΞ(dt) + S2
V

=

∫

� 2d

κ(x− s)κ(y − t)M
(2)
Ξ,S(ds, dt) − S2

V

=

∫

� 2d

κ(x− s)κ(y − t)CovΞ,S(ds, dt), (2.5)

where we have used the fact that the Campbell theorem holds also for the
second moment measure.
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The process X0 is not necessarily integrable, hence its energy density
spectrum does not necessarily exist. But we can obtain a local result in
the following way: if we choose κ such that it decreases sufficiently fast for
‖x‖ → ∞, we can make sure that X0 is a.s. locally integrable. If we have κ
such that for a.e. x ∈ �

d

(

SΞ ∗ κ
)

(x) =

∫

� d

κ(x− y)SΞ(dy) ≤ K <∞ a.s.,

that is, such that
(

SΞ ∗ κ
)

is a.s. essentially bounded, then
(

SΞ ∗ κ
)

is a.s.
integrable on every compact subset of

�
d and since

(

MΞ,S ∗ κ
)

(x) < ∞ for
all x ∈ �

d, it follows that the process X0 is a.s. locally integrable.
If, in particular, κ is bounded and of compact support, then

(

SΞ ∗κ
)

will
be a.s. essentially bounded since SΞ is locally finite. Since in practical appli-
cations the data set under consideration will always be finite, the conditions
on κ constitute no restriction. Thus, we can state the following

Lemma 2.2.1 Let Ξ be a stationary random S-set with surface measure SΞ and
locally finite first moment measure MΞ,S. Let

κ :
� d → �

be a nonnegative bounded function of compact support satisfying
∫

� d

κ(x)dx = 1.

Then the restriction of the process

X0(x) =
(

(SΞ −MΞ,S) ∗ κ
)

(x)

to a compact set W ⊂ �
d with ν(W ) > 0 yields a random function

X0
W (x) := X0(x) � W (x) =

(

(SΞ −MΞ,S) ∗ κ(x)
)

� W (x), x ∈ � d,

which is a.s. integrable.

We will now prove the following analogon of the theorem of Wiener-
Khintchine. For a compact set W ⊂ �

d with ν(W ) > 0,

γW (x) = � W ∗ � ∗
W (x) = ν(W ∩ (W − x)).

The set W can be interpreted as a sampling window, so that γW is called the
window function in this context.
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Theorem 2.2.1 Let Ξ be a stationary random closed set with surface measure
SΞ and locally finite first moment measure MΞ,S = sν and reduced covari-

ance measure ˆCovΞ,S. Assume that ĈovΞ,S has a density covS with respect to
Lebesgue measure. Furthermore, let

κ :
� d → �

be a bounded nonnegative function of compact support satisfying
∫

� d

κ(x)dx = 1.

If X0
W (x) denotes the restriction of the process X0(x) =

(

(SΞ −MΞ,S) ∗ κ
)

(x)
to the compact set W ⊂ �

d with ν(W ) > 0, then

√
2π

d
� |X̃0

W (ξ)|2 = F (γW · covX0)(ξ), ξ ∈ � d. (2.6)

Proof:
Since SΞ is stationary, CovΞ,S can be expressed via the reduced covariance

measure ĈovΞ,S. Then (2.5) becomes

covX0(x, y) =

∫∫

� d � d

κ(x− r)κ(y − r − h)drĈovΞ,S(dh)

u=y−r
=

∫∫

� d � d

κ(x− y + u)κ(u− h)duĈovΞ,S(dh).

Hence, in this case, covX0 is a function only of the difference of its arguments.
Putting v := x− y yields

covX0(v) =

∫∫

� d � d

κ(v + u)κ(u− h)duĈovΞ,S(dh).

Moreover, since ˆCovΞ,S is absolutely continuous by assumption, we can write

ĈovΞ,S(dh) = covS(h)dh, so that, for v ∈ �
d,

covX0(v) =

∫∫

� d � d

κ(v + u)κ(u− h)covS(h)dhdu. (2.7)

The reduced covariance measure is finite on compact subsets of
�

d, hence
the function covS is locally integrable. Therefore, since the kernel function
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κ has compact support, the integral in (2.7) is finite.

Now consider the process X0
W . We have X0

W ∈ L1(
�

d) ∩ L2(
�

d) a.s.
Hence, the Fourier transform X̃0

W exists and is an element of L2(
�

d) a.s., so
that |X̃0

W |2 is a.s. integrable. By the Campbell theorem for random measures,
it follows that its expectation exists and we obtain, for ξ ∈ �

d,

� |X̃0
W (ξ)|2 = � 1

(2π)d

∫

� d

X0
W (x)e−i〈ξ,x〉dx

∫

� d

X0
W (y)ei〈ξ,y〉dy

= � 1

(2π)d

∫∫

WW

X0(x)X0(y)e−i〈ξ,x−y〉dxdy

=
1

(2π)d

∫∫

� d � d

covX0(x, y) � W (x) � W (y)e−i〈ξ,x−y〉dxdy

v=x−y
=

1

(2π)d

∫∫

� d � d

covX0(v) � W (x) � W (x− v)e−i〈ξ,v〉dxdv

=
1

(2π)d

∫

� d

covX0(v)γW (v)e−i〈ξ,v〉dv

=
1

√
2π

d
F (covX0 · γW )(ξ)

by an application of Fubini’s theorem, which yields the assumption. �

We can now examine the relationship between � |X̃0
W (ξ)|2 and the second

order quantities associated with the surface measure SΞ. Equation (2.7) can
be transformed to

covX0(v) =

∫∫

� d � d

κ(v + u)κ(u− h)covS(h)dudh

y=v+u
=

∫∫

� d � d

κ(y)κ(y − (v + h))covS(h)dydh

x=v+h
=

∫∫

� d � d

κ(y)κ(y − x)covS(x− v)dydx

=

∫

� d

κ ∗ κ∗(x)covS(x− v)dx
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for v ∈ �
d. By definition, the covariance function of the process X0 is

symmetric and the function κ ∗ κ∗ has the same property so that

covX0(v) = covX0(−v)

=

∫

� d

κ ∗ κ∗(−h)covS(v − h)dh

=

∫

� d

κ ∗ κ∗(h)covS(v − h)dh

= (κ ∗ κ∗) ∗ covS(v) (2.8)

for v ∈ �
d. Hence, we can write

√
2π

d
� |X̃0

W (ξ)|2 = F (γW · ((κ ∗ κ∗) ∗ covS))(ξ), ξ ∈ � d.

As the function γW is of compact support, the function γW · ((κ ∗ κ∗) ∗ covS)
is an element of L1(

�
d)∩L2(

�
d). We have F (L1(

�
d)∩L2(

�
d)) ⊂ L2(

�
d) and

since the definitions of the Fourier transforms on L1(
�

d) and L2(
�

d) coincide
on L1(

�
d)∩L2(

�
d), we may apply the Fourier cotransformation to the above

equation, which gives

√
2π

d
F ( � |X̃0

W |2)(x) = (γW · ((κ ∗ κ∗) ∗ covS))(x), x ∈ � d.

If we choose W such that γW (x) > 0, which is certainly true for all x ∈ intW
whenever 0 ∈ intW , we may state the following result:

Corollary 2.2.1 Assume the conditions of Theorem 2.2.1 are fulfilled. In ad-
dition, let the compact set W ⊂ �

d be such that it contains the origin in its
interior. With the notations as given in Theorem 2.2.1,

(κ ∗ κ∗) ∗ covS(x) =
√

2π
d F ( � |X̃0

W |2)(x)
γW (x)

, x ∈ intW. (2.9)

Note that the function covS is locally integrable if, and only if, the surface
correlation function m is locally integrable. Now if we express covS as

covS(x) = m(x) − S2
V , x ∈ � d,

equation (2.8) becomes

covX0(x) = (κ ∗ κ∗) ∗m(x) − S2
V , x ∈ � d,
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so that γW · covX0 is the sum of two functions in L1(
�

d)∩L2(
�

d). Using the
additivity of the Fourier transformation on L1(

�
d) and L2(

�
d), we obtain,

for ξ ∈ �
d,

√
2π

d
� |X̃0

W (ξ)|2 = F (γW · covX0)(ξ)

= F (γW · ((κ ∗ κ∗) ∗m))(ξ) − F (S2
V · γW )(ξ),

where every summand is an element of L2(
�

d). Application of the inverse
Fourier transformation to each of the summands yields

√
2π

d
F ( � |X̃0

W |2)(x) = (γW · ((κ ∗ κ∗) ∗m))(x) − S2
V γW (x), x ∈ � d,

so that (2.9) becomes

(κ ∗ κ∗) ∗m(x) =
√

2π
d F ( � |X̃0

W |2)(x)
γW (x)

− S2
V , x ∈ intW.

2.2.1 Estimating the Surface Correlation Function

In order to construct an estimator for the surface correlation function m, it
is convenient to consider the process

X(x) = SΞ ∗ κ(x)

instead of the zero-mean process X0(x) = (SΞ −MΞ,S) ∗ κ(x). Its covariance

CX(x, y) := � X(x)X(y)

is related to covX0(x, y) via

CX(x, y) = covX0(x, y) + S2
V

so that it is a function of the difference of its arguments also. If we restrict
the process X to a compact window W ⊂ �

d

XW (x) = X(x) � W (x) = SΞ ∗ κ(x) � W (x), x ∈ � d,

we obtain the following equivalent of (2.6):

√
2π

d
� |X̃W (ξ)|2 = F (γW · CX)(ξ), ξ ∈ � d.

The arguments leading to (2.9) apply for CX and XW in a similar way, so we
can deduce

(κ ∗ κ∗) ∗m(x) =
√

2π
d F ( � |X̃W |2)(x)

γW (x)
, x ∈ intW. (2.10)
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The factor
√

2π
d

depends on the definition of the Fourier transformation, so
that a different definition might yield a different normalization. If, in particu-
lar, the above equation is discretized for efficient calculation, the factor must
be suitably adapted to the definition of the discrete Fourier transformation.

Let {κρ}ρ>0 be a family of nonnegative functions of compact support on
�

d satisfying

(i)

∫

� d

κρ(x)dx = 1, ρ > 0,

(ii) κρ(x) = 0, ‖x‖ ≥ 1

ρ
.

Then we have
lim
ρ→∞

(κρ ∗ κ∗ρ) ∗m(x) = m(x)

whenever m is continuous in x.

Hence, if we could discretize (2.10), we could obtain an estimator m̂ for
the surface correlation function,

m̂(x) := cF
F |FXW |2(x)

γW (x)
, x ∈ intW, (2.11)

with a suitable constant cF .

To obtain a discretization of the equation, we need to define a discretiza-
tion of the process XW . Since the application of Fourier methods is well-
developped and fast Fourier transformation algorithms are available in the
context of image processing, it would be convenient to use representations
as discrete grey scale images for the quantities involved, that is, for the dis-
cretized surface measure SΞ and the kernel function κ.

Let � d = t � d, t > 0, be a lattice with elementary cell

Ct = [0, t) × . . .× [0, t).

The constant t is called the lattice parameter. A discrete grey scale image
is a mapping f from a subset Df ⊂ � d to

�
+. For a realization SΞ0 of SΞ

within a compact window W ⊂ �
d, we can formally define a discrete grey

scale image, for example via the mapping

f : W ∩ � d → �
+

x 7→ SΞ0(Ct + x),
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and thus obtain a discrete representation of SΞ. Note that, for a point x ∈
W ∩ � d, we have

f(x) =

∫

� d

� Ct+x(y)SΞ0(dy) =

∫

� d

� Ct
(y − x)SΞ0(dy) = SΞ0 ∗ � ∗

Ct
(x).

Hence, with a suitable normalization, the function � ∗
Ct

(x) can be interpreted
as a kernel function and the function f can also be interpreted as a discretiza-
tion of SΞ ∗ κ.

In practical applications, however, the above definition is of not much
use. Usually, instead of a realization of SΞ, a realization Ξ0 of the underlying
random closed set Ξ is given, where the corresponding discrete grey scale
image is defined by

fΞ0 : W ∩ � d → �
+

x 7→ � Ξ0(x).

Here and in the following, we assume that Ξ is a.s. the closure of its interior.
From fΞ0 , no information is given about the underlying continuous surface
∂Ξ0 of Ξ0, and the surface measure SΞ0 cannot be reconstructed from the
given data. For that reason, the estimator derived above is of little practical
value.

Nevertheless, the following observations might help to find a way of es-
timating the surface correlation function. In the point process context, a
relation similar to (2.8) has been derived in [Koc02]. For a stationary simple
point process Ψ with intensity measure Λ = λν, the convolution

(

(Ψ−Λ)∗κ
)

defines a stochastic process Y whose covariance function can be expressed
using the pair correlation function g of Ψ as

covY (v) = λκ ∗ κ∗(v) + λ2

∫

� d

κ ∗ κ∗(h)
(

g(v − h) − 1
)

dh

for v ∈ �
d. This formula serves as the basis for the spectral analysis of g in

[Koc02]. Now if we define a RACS Σ via

Σ :=
⋃

xi∈ supp Ψ

(Br(0) + xi),

then for r sufficiently small, the covariance function covΣ,V is related to g via

covΣ,V (v) = λ � Br(0) ∗ � ∗
Br(0)(v) + λ2

∫

� d

� Br(0) ∗ � ∗
Br(0)(h)

(

g(v − h) − 1
)

dh.
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This is the Laue formula, cf. [OM00], p.150. Hence, both the covariance
function of the RACS Σ obtained by dilation of suppΨ and the covariance
function of the convolution process Y =

(

(Ψ − Λ) ∗ κ
)

are related to g via
basically the same formula.

Now if we consider the convolution of SΞ with the function � C , where
C ∈ C′ contains the origin in its interior, we can easily see that

(

SΞ ∗ � C

)

is
a.s. zero outside of the RACS Ξ′ := ∂Ξ+C, since x /∈ (∂Ξ+C) a.s. is equiv-
alent to (Č+x)∩∂Ξ = ∅ a.s., which yields SΞ(Č+x) =

(

SΞ ∗ � C

)

(x) = 0 a.s.
Hence, the support of

(

SΞ ∗ � C

)

is a.s. contained in Ξ′. Note that Ξ′ is indeed
a RACS by Satz 1.3.4 in [SW00] and inherits stationarity from Ξ. The sec-
ond order quantities of

(

SΞ∗ � C

)

and Ξ′ therefore contain similar information.

Moreover, it is reasonable to assume that the covariance CΞ′,V of Ξ′ and
the surface correlation function m can be related to each other via an anal-
ogon of the Laue formula. Then, an estimator for the surface correlation
function might be derived from an estimation of CΞ′,V . Indeed, in simula-
tion tests it can be observed that for a Boolean model with spherical grains
the estimated normalized covariance p−2

Ξ′ CΞ′,V corresponds well to the nor-
malized surface correlation function S−2

V m, cf. chapter 4. The derivation
of a formula relating the quantities in question is beyond the scope of this
work, but we will show how the normalized covariance of Ξ′ can be estimated.

If we can obtain a discrete representation of the stationary RACS Ξ′, we
can estimate its covariance function via frequency space using the estimator
of [Koc02]. There, a discretized version of the function

gΞ′(x) := � W (x) � Ξ′(x)

is considered and the covariance is estimated within a compact window W
satisfying o ∈ intW , via

ĈΞ′,V (x) = cF
F |FgΞ′|2(x)

γW (x)
, x ∈ intW.

The volume fraction pΞ′ of Ξ′ can be estimated by a point-count method,
cf. [SKM95], p.212. Suppose a realization of Ξ′ is given within the window
W such that the intersection of W with � d contains N points x0, . . . , xN−1.
Then an unbiased estimator for the volume fraction is given by

p̂Ξ′ =
1

N

N
∑

i=1

� Ξ′(xi).
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Consequently, we can estimate the normalized covariance function via

ĈΞ′,V (x)

(p̂Ξ′)2
= cF

F |FgΞ′|2(x)
(p̂Ξ′)2γW (x)

, x ∈ intW.

If an estimate of the volume fraction is given, the estimation algorithm
for the normalized covariance contains the following steps.

1. The energy density spectrum |FgΞ′|2 of the discrete function gΞ′ is
calculated using FFT. This operation has a complexity of O(N log2N).

2. The inverse Fourier transformation F |FgΞ′|2 is computed via inverse
FFT. This operation also has a complexity of O(N log2 N).

3. The result at the point xk is divided by p̂2
Ξ′γW (xk) for every point

xk, k = 0, . . . , N − 1. If p̂2
Ξ′γW is known, these are N arithmetic opera-

tions.

Thus, the covariance estimation algorithm has a complexity of O(N log2N).

Note that, if � W is represented as a discrete grey scale image, the function
γW can be calculated using FFT, since

γW = � W ∗ � ∗
W = F |F � W |2,

cf. [Bri95], ch.4.5. This operation can be carried out using FFT with a com-
plexity of O(N log2N). In particular, γW can be assumed as given in the
estimation process as it does not depend on a particular realization of XW .
The use of FFT proves useful especially in the case of the window W having
a shape more complex than that of a cuboid or a sphere. In this case, ana-
lytic formulae for γW are difficult to obtain and point-by-point computation
would be rather time-consuming.

Now to use an estimate of the normalized covariance of Ξ′ + C for the
estimation of the normalized surface correlation function, it is convenient to
choose C = C[−t,t] := [−t, t]× . . .× [−t, t]. We can show that for a sufficiently
fine resolution of the lattice it is possible to reconstruct the discretization of
a realization ∂Ξ0 + C[−t,t] from the grey scale image fΞ0 . The discrete grey
scale function of ∂Ξ0 + C[−t,t] is defined similarly as for Ξ0 via the indicator
function � ∂Ξ0+C[−t,t]

(x) for x ∈ W ∩ � d.

Consider a hyperplane E of
�

d. The intersection of E with the stationary
S-set Ξ a.s. is a RACS ΞE on E, which, by stationarity of Ξ, is a.s. the closure
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of its interior with respect to E. For a realization Ξ0 of Ξ within a window
W , we can consider a hyperplane E orthogonal to any of the diagonals of the
elementary cell that has nonempty intersection with the lattice � d. Thus, we
obtain the intersection set ΞE,0.

The diagonals of Ct parallel to E span a grid on E that contains the
set of lattice points W ∩ � d ∩ E as a subset. The intersection of any of the
grid lines with ΞE,0 is a finite collection of disjoint compact segments. If we
choose the lattice parameter t smaller than the smallest interval separating
these segments, we can make sure that ∂Ξ0 intersects each such line, and,
in particular, that it intersects each grid segment joining two points of the
lattice in at most one point. In this way, ∂Ξ0 ’separates’ lattice points lying
inside and outside Ξ0 on E.

Then for t sufficiently small, (C[−t,t] + x) ∩ ∂Ξ0 6= ∅ for x ∈ W ∩ � d is
equivalent to the condition that there exists at least one point y ∈ (C[−t,t] +
x) ∩ W ∩ � d such that � Ξ0(y) 6= � Ξ0(x). Since (C[−t,t] + x) ∩ ∂Ξ0 6= ∅ is
equivalent to � ∂Ξ0+C[−t,t]

(x) = 1, this condition is fulfilled if, and only if, x is
an element of the discrete representation of ∂Ξ0 + C[−t,t]. Given the binary
image fΞ0 , it is easy to determine the points x ∈ W ∩ � d satisfying the above
condition. Thus, provided the lattice resolution is fine enough, it is possible
to reconstruct the discretization of ∂Ξ0 + C[−t,t] and to estimate its normal-
ized covariance.

Edge effects in Covariance Estimation

The practical application of Fourier methods involves some difficulties which
we will sketch in the following. The use of fast Fourier transformation (FFT)
algorithms in the calculation of an estimator for the covariance will lead to
an effect of overlap. This effect is an inherent property of the discrete Fourier
transformation (DFT) of which FFT is simply a special case. It is due to the
assumed periodicity of the function to be transformed, cf. [Bri95], ch. 6.4.
We will demonstrate this effect in the one-dimensional case for the DFT.

Let h be a real-valued function that is sampled within the observation
window W = [−T

2
, (N − 1)T + T

2
], T > 0, and let xk = kT, k = 0, . . . , N − 1,

be the points of observation.
For n = 0, . . . , N − 1, we then have

∣

∣DFT(h)(
n

NT
)
∣

∣

2
=

N−1
∑

k=0

N−1
∑

j=0

h(kT )h(jT )e−
2πi(k−j)n

N .

If we apply the inverse DFT (iDFT), cf. [Bri95], ch. 6.3, we obtain, for
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s = 0, . . . , N − 1,

iDFT(
∣

∣DFT(h)
∣

∣

2
)(sT ) =

1

N

N−1
∑

k=0

N−1
∑

j=0

h(kT )h(jT )

N−1
∑

n=0

e−
2πi(k−j−s)n

N .

For the third sum we have

N−1
∑

n=0

e−
2πi(k−j−s)n

N =

{

N if k − j − s ≡ 0 mod N,
0 otherwise,

so that we can rewrite the above equation as

iDFT(
∣

∣DFT(h)
∣

∣

2
)(sT ) =

N−1
∑

k=0

h(kT )h(((k − s) mod N)T ),

s = 0, . . . , N−1. Now consider (k−s) mod N . Since k and s can take values
∈ {0, . . . , N − 1}, (k − s) varies between 1 − N, . . . , N − 1, so that for the
index (k− s) here additional values are allowed for which the corresponding
points of observation lie outside the window W . Due to the reduction mod
N , these values are replaced by values for points inside W , which corresponds
to sampling the function h outside W by assuming a periodic extension of h
beyond W .

If we insert the grey scale function fΞ0 of a realization of a RACS Ξ into
the last equation,

iDFT(
∣

∣DFT(fΞ0)(
n

NT
)
∣

∣

2
) =

N−1
∑

k=0

fΞ0(kT )fΞ0(((k − s) mod N)T ),

s = 0, . . . , N − 1, the same holds true, of course, for fΞ0 , so that we will
collect too many values in the estimation process. This overlapping effect
can be avoided easily, however, by extending the grey scale image to the
window 2W via the trivial extension f2,Ξ0 of fΞ0 to the set 2W ∩ � d defined
by

f2,Ξ0 : 2W ∩ � d → �
+

x 7→ � Ξ0(x) � W (x),

cf. [Bri95], ch. 7.3. Extending the window W to avoid the overlapping effect
changes the number of values involved in the estimation procedure to 2nN .
This does not affect the complexity of the estimation algorithm, however.
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Edge effects in Classical Power Spectrum Estimation

The overlapping effect described above is due to the assumed periodicity
of the functions in the calculation of the DFT. Further effects that should
be mentioned in this context are the effect of discrete sampling and the
effect of the restriction of the data to a finite window. The first effect is
known as aliasing and can be interpreted as an overlap of frequency bands
in spectral space. Aliasing can be improved upon by choice of a sufficiently
small sampling interval T .

The second effect is called the spectral leakage effect. It is not peculiar
to the DFT but is bound to occur in any calculation of a finite Fourier
transform. Spectral leakage is due to the fact that restricting a function
to a finite window in the original space corresponds to a multiplication of
the function with the characteristic function of the window. In frequency
space, this multiplication corresponds to the convolution of the respective
transforms, cf. [Bri95], ch. 4.6. Sometimes, however, spectral leakage will
not be observed in the DFT.

The methods employed to reduce the leakage effect are closely related to
the methods used to improve the properties of spectral estimators of second
order quantities in random signal analysis. The spectral quantity corre-
sponding to the energy density spectrum for a stationary random signal is
the power density spectrum, or simply power spectrum, which describes the
distribution of energy per unit time.

Again, we will give an outline in the one-dimensional context.

Assume that a function h is sampled at N points within the observation
window W , where the sampling interval T is small enough so that the effects
of aliasing can be neglected. For simplicity of presentation, we choose N =
2M − 1 and W = [−(M − 1

2
)T, (M − 1

2
)T ] symmetric. This is no restriction

since the DFT can be defined for any finite window analogously as above.
Let xn = nT , n = −(M − 1), . . . ,M − 1, be the points of observation.

It is convenient and instructive in this context to write h(n) = h(nT ),
to interpret the sampled function as the restriction {h(n)}M−1

n=−(M−1) of the

infinite-duration sequence {h(n)}n∈ � to the window W , and to examine the
relationship between the DFT of {h(n)}M−1

n=−(M−1) and the true Fourier trans-

form of {h(n)}n∈ � . For simplicity, we will use the notation h for the sequence
{h(n)}n∈ � and h(2M−1) for {h(n)}M−1

n=−(M−1).
Restricting an infinite sequence to the window W corresponds to a mul-

tiplication of the sequence by the rectangular window sequence

w(2M−1)(n) =

{

1, −(M − 1) ≤ n ≤ M − 1,
0, otherwise,
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that is, we can write h(2M−1)(n) = h(n)w(2M−1)(n), n = −∞, . . . ,∞. The
subscript 2M − 1 seems awkward but it simplifies later argumentations.

The Fourier transform of the sequence h is called the time-discrete Fourier
transform. It is denoted by a capital H and defined by

H(ξ) =

∞
∑

n=−∞
h(n)e−iξn, ξ ∈ � d,

cf. [OS75], p.21, where the coefficients h(n) can be recaptured via the inverse
Fourier transformation

h(n) =
1

2π

π
∫

−π

H(ξ)eiξndξ, n ∈ � ,

cf. [OS75], p.22. The spectrum H is continuous and periodic of period 2π.
For a sequence of finite duration, which is nonzero exactly for the values

n = −(M − 1), . . . ,M − 1, the DFT can be obtained from the time-discrete
Fourier transform by sampling at the discrete frequencies

ξ =
2πk

2M − 1
, k = −(M − 1), . . . ,M − 1,

at distance 1
T , cf. [KK89]. Thus, for the finite sequence h(2M−1), we have,

DFT(h(2M−1))(
k

2M − 1
) = H(2M−1)(

2πk

2M − 1
)

for k = −(M − 1), . . . ,M − 1. Now for the time-discrete Fourier transform
of h(2M−1), we have

H(2M−1)(ξ) =
∞
∑

n=−∞
h(n)w(2M−1)(n)e−iξn,

which, by the complex convolution theorem, cf. [OS75], is equal to the fre-
quency space convolution of the transforms of h and w(2M−1) given by

H(2M−1)(ξ) =
1

2π

π
∫

−π

H(ω)W(2M−1)(ξ − ω)dω, ξ ∈ � d.

The transform W(2M−1) can be calculated to

W(2M−1)(ξ) =
sin((2M − 1)ξ/2)

sin(ξ/2)
, ξ ∈ � d,
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cf. [Pri81], p.437. Due to the convolution with W(2M−1), the finite transform
H(2M−1) is a smeared version of the true transform H. The value of H(2M−1)

at a given frequency ξ contains weighted contributions from other frequencies.
This effect is called spectral leakage.

For k = −(M − 1), . . . ,M − 1, we can write, returning to N = 2M − 1
for simplicity,

DFT(hN )(
k

N
) =

1

2π

π
∫

−π

H(ω)
sin(N(2πk

N
− ω)/2)

sin((2πk
N

− ω)/2)
dω. (2.12)

Now the function
sin(Nξ/2)
sin(ξ/2)

is zero for ξ = ±2π
N ,±4π

N , . . ., so that the con-

volution in (2.12) yields the true Fourier transform value H(2πk
N ) if, and

only if, H(ω) is zero for ω 6= ±2π
N ,±4π

N , . . . This is the case if, and only if,

H contains spectral lines only at the frequencies ±2π
N ,±4π

N , . . ., that is, if,
and only if, the sequence h is periodic of a period such that N is an integer
multiple, cf. the argumentation in [KK89], p.208. If this is not the case, then

the spectral leakage will be apparent in DFT(h)( kN ).

For a general nonperiodic function, leakage as just described cannot be
extinguished altogether, but there are methods to reduce the effect. The
transform of the window function w(2M−1) has oscillatory lobes, called side
lobes, of rather high amplitudes. In the convolution given by (2.12), large
values of W(2M−1) correspond to high weights attached to the additional
frequency components and thus to a large error. By choosing, instead of
w(2M−1), a window function whose Fourier transform has side lobes of smaller
amplitudes, the influence of the leakage from the other frequency components
can be reduced.

An example for a suitable function is the Bartlett window wB,(2M−1) de-
fined by

wB,(2M−1)(n) =

{

1 − |n|
M
, −(M − 1) ≤ n ≤M − 1,

0, otherwise.

The Fourier transform of wB,(2M−1) is given by

WB,(2M−1)(ξ) =
sin2(Mξ

2
)

M sin2( ξ

2
)
, ξ ∈ � d,

cf. [Pri81], p.439. It has considerably smaller side lobe amplitudes than the
transform of the rectangular window so that a multiplication by the Bartlett
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window will yield better results for the DFT. For further suitable window
functions, cf. e.g. [KK89].

For a stationary discrete random signal h with zero mean, the power
spectrum Powh is defined as the Fourier transform of the autocorrelation
sequence covh of h, that is,

Powh(ξ) =

∞
∑

n=−∞
covh(n)e−iξn, ξ ∈ � d.

As an estimator for the power spectrum, the periodogram IN is introduced.
It is defined as

IN(ξ) =

N−1
∑

m=−(N−1)

ˆcovh(m)e
−iξm

N ,

where

ˆcovh(m) =
1

N

N−1−|m|
∑

n=0

h(n)h(n +m), −N < m < N,

is an estimator for the autocorrelation sequence covh of the signal, cf. [OS75].
This can also be written as

IN(ξ) =
1

N

∣

∣HN(ξ)
∣

∣

2
, ξ ∈ � d,

that is, the squared Fourier transform of the restricted sequence h(n)wN+(n),
where

wN+(n) =

{

1, 0 ≤ n ≤ N − 1,
0, otherwise.

It can be shown that

� (IN(ξ)) =
N−1
∑

m=−(N−1)

(

1 − |m|
N

)

covh(m)e−iξm,

cf. [OS75], which, as mentioned above, can be interpreted as a convolution
in frequency space, that is,

� (IN(ξ)) =
1

2π

π
∫

−π

Powh(ω)WB,(2N−1)(ξ − ω)dω.

The function WB,(2N−1) arises in this context because the true autocorrelation
sequence is weighted with the Bartlett window function by the estimator
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ˆcovh, which is itself weighted with the rectangular window w(2N−1) in the
calculation of IN , cf. [OS75].

Note that the Bartlett window wB,(2N−1) can be written as a discrete
convolution of two rectangular windows of length N , that is,

wB,(2N−1)(n) =
1

N
wN+(n) ∗ w∗

N+(n),

cf. [KK89], p.250. Hence, the discrete convolution theorem, cf. [OS75], gives

WB,(2N−1)(ξ) =
∣

∣WN+(ξ)
∣

∣

2
, ξ ∈ � d.

Now when calculating the periodogram via 1
N
|HN+(ξ)|2, the estimator might

be improved by chosing a different window function for the data sequence
h(n), n = 0, . . . , N−1. This is done indeed by some practitioners, cf. [P+02],
for example. As pointed out by [Bra78], p.384, however, this does not nec-
essarily yield correct results, since � (IN) in general is not expressible as a
frequency space convolution with the true power spectrum in that case.

The periodogram estimator IN is usually improved instead by weight-
ing the estimated autocorrelation sequence ˆcovh with a window sequence of
length < 2N − 1, which is in analogy to the windowing used to reduce the
leakage effect as described above. Such a window in time-space is called a lag
window. The Fourier transform of the lag window is called a spectral window.
By convolution, it serves to smooth the periodogram, which results in an im-
proved variance of the estimator. Details can be found in [OS75], for example.



Chapter 3

The Surface Correlation

Function

As pointed out earlier, the question for the existence of the density of the
second moment measure M

(2)
Ξ,S and the definition of second order quantities

related to the surface of a RACS Ξ have not received much consideration in
the stochastic geometric literature so far. Since the surface correlation func-
tion is an important quantity in trapping and flow problems in the context
of random media, however, it has been calculated explicitly for some particle
models. Most of these can be interpreted as random closed sets with values
in the extended convex ring.
Following a general approach by Torquato as outlined in [Tor02], it is possible
to give a representation of the surface correlation function in the context of
stochastic geometry. This representation gives rise to an important conjec-
ture concerning a representation of the second moment measure, which will
be formulated in the second section.

3.1 The Boolean Model with Spherical Grains

Let Ξ be a stationary isotropic Boolean model with spherical grains of radius
R in

�
d and let λ be the intensity of the underlying Poisson point process.

The mean volume of the typical primary grain Ξ0 of Ξ is given by

� ν(Ξ0) = Rdκd

so that the volume fraction becomes

p = 1 − exp(−λRdκd).

57
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Moreover, the specific surface is given by

SV = λ(1 − p)dRd−1κd,

which follows from eq.(3.2.11) of [SKM95], p.76.

By Satz 1.2.3 in [SW00], the mapping

F × C → F

(F,C) 7→ F + C

is measurable, so that for ε1, ε2 > 0 via

Ξ(1) := Ξ + ε1B
d and Ξ(2) := Ξ + ε2B

d

two random closed sets are defined. They inherit stationarity and isotropy
from Ξ. In addition, Ξ,Ξ(1) and Ξ(2) are jointly stationary, that is, their joint
distributions are translation invariant.

By construction, Ξ(i), i = 1, 2, is a Boolean model that is uniquely de-
termined by the intensity λ of the underlying Poisson point process and the
distribution of the typical primary grain. Since Ξ(i) is obtained from Ξ via
dilation by εiB

d, the primary grain is a sphere of radius R + εi. Thus, we
can calculate the volume fractions

p(i) = � � Ξ(i)(0) = � (o ∈ Ξ(i)) = 1 − exp(−λ(R + εi)
dκd), i = 1, 2.

By joint stationarity, the function

cov
(12)
V (x, y) := � � Ξ(1)(x) � Ξ(2)(y) − � � Ξ(1)(x) � � Ξ(2)(y), x, y ∈ � d,

is a function of h = x− y and we can write

cov
(12)
V,0 (h) = � � Ξ(1)(o) � Ξ(2)(h) − p(1)p(2), h ∈ � d.

The function

C
(12)
V (h) := cov

(12)
V,0 (h) + p(1)p(2) = � (o ∈ Ξ(1), h ∈ Ξ(2)), h ∈ � d,

is called the cross-covariance of Ξ(1) and Ξ(2). Note that

C
(12)
V (h) = � (o ∈ Ξ(1), h ∈ Ξ(2)) = � (o ∈ Ξ(1) ∩ (Ξ(2) − h)),

so that, in analogy with the covariance CV of Ξ, for fixed h ∈ �
d, C

(12)
V (h)

can be interpreted as the volume fraction of the random closed set

Ξ(1) ∩ (Ξ(2) − h).
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This intersection is not in general a Boolean model but we can obtain the
following result.

C
(12)
V (h) = � (o ∈ Ξ(1) ∩ (Ξ(2) − h))

= � (o ∈ Ξ(1)) + � (o ∈ Ξ(2) − h) − � (o ∈ Ξ(1) ∪ (Ξ(2) − h))

= p(1) + p(2) − � (o ∈ Ξ(1) ∪ (Ξ(2) − h))

= p(1) + p(2) − 1 + � (o /∈ Ξ(1) ∪ (Ξ(2) − h)).

Consider the last probability. We have

� (o /∈ Ξ(1) ∪ (Ξ(2) − h)) = � (Ξ ∩ (Bε1(0) ∪Bε2(h)) = ∅),

which can be evaluated using the capacity functional TΞ of Ξ since

Bε1(0) ∪ Bε2(h)

is compact. The capacity functional of a Boolean model Ξ with primary
grain Ξ0 and Poisson parameter λ satisfies

TΞ(K) = 1 − exp(−λ � ν(Ξ̌0 +K))

for any compact K ⊂ �
d, cf. [SKM95], p.65. Thus

C
(12)
V (h) = p(1) + p(2) − 1 + exp(−λ � ν(BR(0) + (Bε1(0) ∪ Bε2(h)))).

Note that

BR(0) + (Bε1(0) ∪ Bε2(h)) = (BR(0) +Bε1(0)) ∪ (BR(0) +Bε2(h))

is the union of two spheres of radii R + ε1 and R + ε2, respectively, whose
centres are separated by h. Since this volume clearly depends on r = ‖h‖
only, C

(12)
V is a function of ‖h‖, so we can write C

(12)
V (r) = C

(12)
V (‖h‖).

For simplicity of notation, we will write R1 := R + ε1 and R2 := R + ε2
in the following. The volume of the union of two spheres of radii R1 and R2

at distance r = ‖h‖ is given by

ν(BR1(0) ∪BR2(h)) = ν(BR1(0)) + ν(BR2(h)) − ν(BR1(0) ∩BR2(h)),

the difficult part of which is the intersection volume. Explicit formulae have
been given for d = 3 and d = 2, however, so that we can obtain the following
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results. We can assume R1 ≤ R2 without loss of generality.
For d = 3 we have

ν(BR1(0) ∩ BR2(h)) =







4
3
πR3

1, 0 ≤ r ≤ R2 −R1,
4
3
πf3(r;R1, R2), R2 −R1 ≤ r ≤ R2 +R1,

0, r ≥ R2 +R1,

where r = ‖h‖ and

f3(r;R1, R2) =
−3(R2

2 − R2
1)

2

16r
+
R3

2 +R3
1

2
− 3r

8
(R2

2 +R2
1) +

r3

16
,

cf. [Tor02], p.125. Similarly, for d = 2,

ν(BR1(0) ∩ BR2(h)) =







πR2
1, 0 ≤ r ≤ R2 −R1,

f2(r;R1, R2), R2 −R1 ≤ r ≤ R2 +R1,
0, r ≥ R2 +R1,

where

f2(r;R1, R2) = R2
1 arccos

(R2
1 + r2 −R2

2

2R1r

)

+R2
2 arccos

(R2
2 + r2 −R2

1

2R2r

)

−1

2

√
D,

and D = (R2 +R1 + r)(R2 +R1 − r)(R2 −R1 − r)(R1 −R2 − r), cf. [KB97].

Thus we can obtain explicit expressions for the cross-covariance C
(12)
V of Ξ(1)

and Ξ(2) in the two- and three-dimensional case.

For fixed r and R, C
(12)
V (r) = C

(12)
V (r, ε1, ε2) and the volume fractions

p(i) = p(i)(εi), i = 1, 2, are continuous as functions of the parameters ε1
and ε2. It is not difficult to see that as ε1 and ε2 tend to zero, the volume
fractions p(i)(εi) tend to the volume fraction p of Ξ and the cross-covariance

C
(12)
V (r, ε1, ε2) approaches the covariance C(r) of Ξ.

As a continuous function of εi, the volume fraction p(i)(εi), i = 1, 2, can be

differentiated with respect to εi. Similarly, C
(12)
V (r, ε1, ε2) can be partially dif-

ferentiated, and in particular the twofold partial derivative ∂
∂ε1

∂
∂ε2
C

(12)
V (r, ε1, ε2)

exists. Certainly the cases of ε1 = 0 and ε2 = 0 are most interesting.

By explicit calculation of the derivatives of p(i)(εi), i = 1, 2, for εi = +0
we obtain

∂

∂εi
p(i)(εi)

∣

∣

∣

εi=+0
= λdRd−1κd exp(−λRdκd),

which is equal to the specific surface SV of Ξ. This relation is well known,
cf., for example, [OM00], p.100.
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Explicit results of the partial differentiation of C
(12)
V (r, ε1, ε2) can be given for

the two- and three-dimensional case. For d = 3 and ε1 = ε2 = +0, we obtain

∂

∂ε1

∂

∂ε2
C

(12)
V (r, ε1, ε2)

∣

∣

∣

ε1=+0
ε2=+0

=











16λ2π2R4(1 − p)2, r ≥ 2R,
(

16λ2π2R4(1
2

+ r
4R

)2 + 2λπR2

r

)

×
×(1 − 2p+ C(r)), r < 2R.

This is precisely the surface correlation function of the Boolean model with
spherical grains of radius R, cf. [Tor02]. This formula was first given by
[Doi76] in the context of flow problems in porous media, which is part of the
theory of random heterogeneous materials.

In the two-dimensional case, partial differentiation yields

∂

∂ε1

∂

∂ε2
C

(12)
V (r, ε1, ε2)

∣

∣

∣

ε1=+0
ε2=+0

=











4λ2π2R2(1 − p)2, r ≥ 2R,
(

4λ2R2(π − arccos( r
2R

))2 + 4λR2

r
√

4R2−r2

)

×
×(1 − 2p+ C(r)), r < 2R.

as a formula for the surface correlation function. This formula has not been
given explicitly in the literature before.

Similar expressions for a Boolean model with spherical grains of random
radius R with distribution function FR can be obtained, provided R has finite
moments of sufficiently high order. The specific surface can be calculated to

∂

∂εi
p(i)(εi)

∣

∣

∣

εi=+0
= λd � (Rd−1) exp(−λ � (Rd)κd)

and the surface correlation function is given, for d = 3, by

m(r) =











16λ2π2 � (R4)(1 − p)2, r ≥ 2R,

�
(

16λ2π2R4(1
2

+ r
4R

)2 + 2λπR2

r

)

· (1 − 2p+ C(r)),

r < 2R,

cf. [Tor02].

The calculations described above are not original, but rather a reformu-
lation of a general derivation by [Tor02] in stochastic geometric terms. In
[Tor02], the above formulae are derived via a canonical n-point correlation
function and the use of generalized functions. If � Ξ denotes the indicator
function of the random closed set Ξ, the indicator function of the surface ∂Ξ
of Ξ is defined by

� ∂Ξ(x) = |∇ � Ξ(x)|, x ∈ � d,
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which is a generalized function that is zero except when x is on the surface.
For a sphere BR(y) of radius R centred at an arbitrary point y ∈ �

d, the
indicator function of the surface can be expressed as a simple derivative of

� BR(y), that is,

� ∂BR(y)(x) = − ∂

∂R
� BR(y)(x), x ∈ � d,

loc.cit. The probability function describing the positions of n points in the
random model, which corresponds to the volume fraction for n = 1 and to
the covariance for n = 2, can be expressed via spherical indicator functions,
so that differentiation of the probability function leads to functions involv-
ing surface indicator functions. The same is true for the dilated versions of
the random closed set, where differentiation is performed with respect to ε1
and ε2. Of the resulting differentiated functions, the specific surface and the
surface correlation function arise as special cases for n = 1 and n = 2.

A slightly different approach, which allows the extension of the above
results to more general classes of random sets, yields the following observa-
tions. Remember that for a RACS Ξ on S, not necessarily stationary, the
dilated set Ξ + εiB

d, i = 1, 2, is also a RACS. For x, y ∈ �
d, the mean value

functions p(i)(x), i = 1, 2, can be defined as usual via the indicator functions

of the RACS Ξ(i), i = 1, 2, and the cross-covariance C
(12)
V (x, y) can be defined

similarly as for the stationary Boolean model above.

The derivatives at εi = +0, i = 1, 2, can be expressed as limits, so that
for p(i)(x, εi) = � � Ξ(i)(x), i = 1, 2, we can write

∂

∂εi
p(i)(x, εi)

∣

∣

∣

εi=+0
= lim

εi→+0

� � Ξ+εiBd(x) − � � Ξ(x)

εi

= lim
εi→+0

� ( � Ξ+εiBd(x) − � Ξ(x))

εi

= lim
εi→+0

� � (Ξ+εiBd)\Ξ(x)

εi
.

Hence, the limit, if it exists a.s., will be proportional to the probability that
a point x ∈ �

d lies in the εi-region around Ξ.

Analogously, using the additivity of the expectation, we obtain for the



3.2. Limit Representation for the Second Moment Measure M
(2)
Ξ,S 63

cross-covariance,

∂

∂ε1

∂

∂ε2
C

(12)
V (x, y, ε1, ε2)

∣

∣

∣

ε1=+0
ε2=+0

= lim
ε1→+0

lim
ε2→+0

� ( � Ξ+ε1Bd(x) − � Ξ(x))( � Ξ+ε2Bd(y) − � Ξ(y))

ε1ε2

= lim
ε1→+0

lim
ε2→+0

� � (Ξ+ε1Bd)\Ξ(x) � (Ξ+ε2Bd)\Ξ(y)

ε1ε2
, (3.1)

which shows that, in case it exists a.s., the limit will be proportional to the
probability that the point x lies in the ε1-region around Ξ and the point y
lies in the ε2-region around Ξ.

Since the probability that a point x lies on the surface ∂Ξ of Ξ is al-
ways zero, the specific surface and the surface correlation function cannot be
probability functions as the volume fraction and covariance of Ξ are. But,
it is natural to assume such properties as those given above for the specific
surface and the surface correlation function. Matheron ([Mat75], p.50) called
such a construction for the specific surface the translation of a well-known
integral-geometric principle into probabilistic terms. As a definition, the
above formulae are not satisfactory since they are not related to the geomet-
ric properties of the realization of the random closed set and in general, it is
difficult to prove the a.s. existence of functions related to the surface.

However, the above observations give rise to the assumption that if the
surface correlation function of a stationary random S-set exists a.s., it will
appear as the limit as in (3.1), provided the limit exists a.s.

In conclusion, the a.s. existence of the limit

lim
ε1→+0

lim
ε2→+0

� � (Ξ+ε1Bd)\Ξ(x) � (Ξ+ε2Bd)\Ξ(y)

ε1ε2

can serve as an indicator for the a.s. existence of the surface correlation
function for a stationary random closed set Ξ in S. This is the basis for a
conjecture concerning a representation of the second moment measure M

(2)
Ξ,S

associated with the surface measure, which is formulated in the next section.

3.2 Limit Representation for the Second Mo-

ment Measure M
(2)
Ξ,S

Due to the fact that the support of the surface measure of a stationary ran-
dom S-set is lower-dimensional and the RACS can have a rather complex
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surface, it is difficult to gain explicit information on the structure of SΞ and
the corresponding first and second moment measures. Lebesgue measure is
easier to analyze and from the point of view of applications, volume mea-
surements are a fundemental tool and rather easy to perform. Hence, it is
tempting to find a representation of SΞ and its moment measures in terms of
Lebesgue measure. We will sketch how this can be done for the expectation
measure MΞ,S and formulate a conjecture for the second moment measure

M
(2)
Ξ,S as a generalization of this result.

In the following, let Ξ be a random closed set, not necessarily stationary,
with values a.s. in the extended convex ring S. Assume that Ξ satisfies the
integrability condition (2.1). Furthermore, let SΞ, MΞ,S and M

(2)
Ξ,S denote the

surface measure and corresponding first and second moment measures asso-
ciated with Ξ, respectively. Remember that the surface measure is defined as
SΞ(·) = 2Φd−1(Ξ, ·) where Φd−1(Ξ, ·) denotes the (d−1)-th curvature measure.

In the deterministic context, the first idea to establish a relationship
between Φd−1 and Lebesgue measure is the use of the Steiner formula

µε(K,A) =
d
∑

j=0

εd−jκd−jΦj(K,A),

where µε(K,A) is the volume of the local parallel set of an element K of
the convex ring with respect to a bounded Borel set A ∈ B(

�
d). Since

Φd(K,A) = ν(K ∩ A), the Steiner formula immediately yields

lim
ε→+0

µε(K,A) − ν(K ∩ A)

ε
= 2Φd−1(K,A),

so that we obtain the measure 2Φd−1(K,A) as the limit, or the derivative
with respect to ε at the point ε = +0, of the local parallel volume µε(K,A).
The volume of the local parallel set can be written as a Lebesgue integral
using the indicator function cε(K,A, x) of the local parallel set introduced
by [Sch80]. This function can be interpreted to count the multiplicities with
which to include the point x into the parallel volume. However, counting
multiplicities is complicated and

µε(K,A) =

∫

� d

cε(K,A, x)dx

cannot be written as an integral over A so that there is a limit to the amount
of information about Φd−1(K,A) we can obtain on the basis of the set A.
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In the probabilistic context, the situation is different. From Thm.4.1 in
[HL00] it follows as a special case that for any bounded A ∈ B(

�
d),

lim
ε→+0

∫

A

ε−1 � � (Ξ+εBd)\Ξ(x)dx = MΞ,S(A)

and, more generally,

lim
ε→+0

∫

� d

f(x)ε−1 � � (Ξ+εBd)\Ξ(x)dx =

∫

� d

f(x)MΞ,S(dx)

for each continuous function f :
�

d → �
of compact support. We will briefly

sketch the results obtained in [HL00].

For a setK ∈ R and j = 0, . . . , d−1, the curvature measures Φj(K, ·) arise
as special versions of the generalized curvature measures Θj(K, ·) defined on
B(

�
d×Sd−1). With a different normalization, a different series of generalized

curvature measures Cj(K, ·) can be obtained from Θj(K, ·), that is,

dκd−jCj(K, ·) =

(

d

j

)

Θj(K, ·), j = 0, . . . , d− 1,

for K ∈ R. These measures can also be defined for K ∈ S.

Let B ⊂ �
d be a strictly convex body containing the origin in its interior.

In [HL00], generalized curvature measures CB
j (K, ·), j = 0, . . . , d − 1, with

respect to the gauge body B are defined for a convex body K and extended
to the extended convex ring. The measures CB

j (K, ·), j = 0, . . . , d − 1, are
defined on B(

�
d× �

d). The underlying space
�

d is interpreted as a Minkowski
space, that is, all distance measurements are taken with respect to the gauge
function

g(B, x) = min{r ≥ 0 : x ∈ rB}
for x ∈ �

d, where the distance of x ∈ �
d to a nonempty set M ⊂ �

d with
respect to B is defined as

dB(M,x) = min{g(B, y − x) : y ∈M}.

If the gauge body B is centrally symmetric, then the gauge function defines
a norm. Clearly, for B = Bd, this norm is simply the Euclidean norm, so
that the measures CBd

j (K, ·), j = 0, . . . , d− 1, are essentially the same as the
generalized curvature measures Cj(K, ·) and the results obtained in [HL00]
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follow for the Euclidean context by using Bd as a gauge body. We will state
the results for the Euclidean context and omit the superscript B if B = Bd.
But first we need to introduce some notation.

For a convex body K, there exists, for any x ∈ �
d, a unique y ∈ K such

that dB(K, x) = g(B, y − x). This point is denoted by y =: pB(K, x) and
called the Minkowski projection of x onto K with respect to B. Writing

uB(K, x) =
x− pB(K, x)

dB(K, x)
∈ ∂B̌

for x /∈ K, the Minkowski normal bundle of K with respect to B is defined
as

NB(K) = {(pB(K, x), uB(K, x)) : x ∈ ∂(K + tB̌)}
for any t > 0. To define the Minkowski normal bundle for a set K from the
extended convex ring, the set

ΠB(K, x) = {y ∈ K : dB(K, x) = g(B, y − x)}, x ∈ � d,

is defined. Using this set, the exoskeleton of K with respect to B can be
defined by

exoB(K) = {x ∈ � d\K :
∣

∣ΠB(K, x)
∣

∣ ≥ 2}.
For any x /∈ (K ∪ exoB(K)), pB(K, x) is defined as the unique point y ∈ ∂K
satisfying dB(K, x) = g(B, y − x), and uB(K, x) is defined as for convex K.
For x ∈ exoB(K)\K, (pB(K, x), uB(K, x)) is given some arbitrary but fixed
value in

�
d×∂B̌. Then the Minkowski normal bundle for the set K ∈ S with

respect to B is defined by

NB(K) = {(pB(K, x), uB(K, x)) : x /∈ (K ∪ exoB(K))}.

An important step now is the observation that the measures

CB
j (K, · ∩NB(K))

are nonnegative for K in the extended convex ring, cf. [HL00].

Based on an idea by Matheron ([Mat75]), Schneider ([Sch80]) constructed
nonnegative extensions Θj(K, ·) of the generalized curvature measures Θj(K, ·)
to the extended convex ring. In [HL00], a similar construction is performed

and it is shown that the nonnegative extensions C
B

j (K, ·) and the measures

CB,+
j (K, ·) defined by

CB,+
j (K, ·) := CB

j (K, · ∩NB(K))
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coincide for j = 0, . . . , d− 1. Furthermore, the identity

CB,+
d−1 (K, ·) = CB

d−1(K, ·)

for any K ∈ S is proved and a local Steiner type formula is derived.

For a random closed set Σ with values a.s. in the extended convex ring,
C+

j (Σ, ·) defines a random measure with intensity measure

Λ+
j (·) := � C+

j (Σ, ·), j = 0, . . . , d− 1.

If the measures Λ+
j (· × �

d) are locally finite, the Steiner type formula can be
used to establish the vague convergence of the measure ε−1 � � (Ξ+εBd)\Ξν(dx)
to the measure 2Λ+

d−1(dx×
�

d). Further details and the proof, performed in
the general Minkowski space context, can be found in [HL00].

Now consider the random closed set Ξ, which by assumption satisfies
the integrability condition (2.1). The measures C+

j (Ξ, · × �
d) are obtained

from Cj(Ξ, (· ×
�

d) ∩ NBd(Ξ)) so that (2.1) ensures the local finiteness of
the intensity measures Λ+

j (· × �
d), which can be seen as follows. Let A be

a bounded measurable subset of
�

d. Then for convex bodies K,K0 with
A ⊂ intK,K ⊂ K0,

�
∣

∣

∣
C+

j (Ξ ∩K,A× � d)
∣

∣

∣

= �
∣

∣

∣
Cj(Ξ ∩K, (A× � d) ∩NBd(Ξ))

∣

∣

∣

= �
∣

∣

∣

∑

v∈S(N(Ξ∩K))

(−1)|v|−1Cj(Kv, (A× � d) ∩NBd(Ξ))
∣

∣

∣

≤ �
∑

v∈S(NK(Ξ))

Cj(Kv, (A× � d))

≤ sup
K′∈K

K′⊂K0

Cj(K
′, (A× � d)) � 2N(Ξ∩K0) <∞.

Since
2Φd−1(K, ·) = 2Cd−1(K, · ×

� d) = 2C+
d−1(K, · ×

� d)

for any K ∈ S, we obtain MΞ,S(·) = 2Λ+
d−1(· ×

�
d). Hence,

MΞ,S(A) = lim
ε→+0

∫

A

ε−1 � � (Ξ+εBd)\Ξ(x)dx

for any bounded Borel set A.
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The stationary Boolean model with spherical grains of radius R is an
example of such a random set. In the previous section we obtained the
equality

lim
ε→+0

� � (Ξ+εBd)\Ξ(x)

ε
= SV , x ∈ � d,

for the specific surface. Hence, in this case

MΞ,S(A) =

∫

A

SV dx

=

∫

A

lim
ε→+0

ε−1 � � (Ξ+εBd)\Ξ(x)dx

= lim
ε→+0

∫

A

ε−1 � � (Ξ+εBd)\Ξ(x)dx.

More generally, if MΞ,S has a density s(x) with respect to Lebesgue measure
and if the derivative at ε = +0 of � � Ξ+εBd(x) exists for a.e. x ∈ �

d and
the function ε−1 � � Ξ+εBd(x) can locally be dominated by a locally integrable
function f(x), then we may interchange limit and integral and obtain the
identity

∂

∂ε
� � Ξ+εBd(x)

∣

∣

∣

ε=+0
= s(x)

for a.e. x ∈ �
d, cf. [HL00].

In the light of the observations made in the previous section concerning
the surface correlation function, it is a fair conjecture to assume a similar
representation for the second moment measure. This can be stated in the
following way.

Conjecture 3.2.1
Let Ξ be a random closed set with values a.s. in S. Under appropriate conditions
on the second moment measures

� C+
j (Ξ, · × � d)C+

j (Ξ, · × � d)

and the cross-correlation measures

� C+
i (Ξ, · × � d)C+

j (Ξ, · × � d), i 6= j,
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where i, j = 0, . . . , d− 1,

lim
ε1→+0

lim
ε2→+0

∫

� d

∫

� d

f(x, y)(ε1ε2)
−1 � � (Ξ+ε1Bd)\Ξ(x) � (Ξ+ε2Bd)\Ξ(y)dxdy

= c

∫

� 2d

f(x, y)M
(2)
Ξ,S(dx, dy)

for any continuous function f :
�

d × �
d → �

of compact support.

Here, the constant factor c arises from the normalization of the generalized
curvature measures.

As far as the author knows, this conjecture or a proof of it has not been
stated in the literature before. Independently from this work, Ballani has for-
mulated and proved it, cf. [Bal05]. The conditions for the interchangeability
of limits and integrals are the existence of a density with respect to Lebesgue
measure of M

(2)
Ξ,S and the existence of the derivatives of the cross-covariance

C
(12)
V . Since Ξ has values a.s. in S, it has a representation as the union set of

a locally finite point process Ψ on the space
�

d×K. The existence conditions
can be formulated as conditions on Ψ so that the absolute continuity of M

(2)
Ξ,S

depends on the properties of Ψ, loc.cit.
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Chapter 4

Simulation

In this chapter we will demonstrate the correspondence of the estimated
normalized covariance of the RACS Ξ′ := ∂Ξ + C[−t,t] and the normalized
surface correlation function S−2

V m of Ξ. Since this correspondence has not
been rigorously established, we will only give an example for the standard
Boolean model with spherical grains.

4.1 Estimation of the Surface Correlation Func-

tion

We will consider the two-dimensional case. The grains of a stationary isotropic
Boolean model Ξ with discs of constant radius R and Poisson parameter λ
are strictly convex and the mark distribution of the model is clearly rotation
invariant. Hence, the second moment measure M

(2)
Ξ,S is absolutely continuous

with respect to Lebesgue measure.
The surface correlation function of the Boolean model Ξ is given on

page 61. It can be written explicitly as

m(r) =











4λ2π2R2 exp(−2λπR2), r ≥ 2R,
(

4λ2R2(π − arccos( r
2R

))2 + 4λR2

r
√

4R2−r2

)

×
× exp(−λ(2πR2 − 2R2 arccos( r

2R
) + r

2

√
4R2 − r2)), r < 2R.

Since 4λ2π2R2 exp(−2λπR2) = S2
V , division by S2

V yields the normalized
surface correlation function

S−2
V m(r) =











1, r ≥ 2R,
(

1
π2 (π − arccos( r

2R
))2 + 1

λπ2r
√

4R2−r2

)

×
× exp(−λ(−2R2 arccos( r

2R
) + r

2

√
4R2 − r2)), r < 2R.

71
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The Boolean model is simulated within a window of sidelength one such
that its representation as a binary grey-scale image contains 500×500 points.
The estimation procedure involves averaging over 100 realizations.

We consider three models with different radii and different volume frac-
tions. The first model shown in Fig.4.1 has a volume fraction of 26.97%.
The discrete representation of the dilated boundary for this model is shown
in Fig.4.2 and the corresponding estimated normalized covariance can be seen
in Fig.4.7. For the second model as shown in Fig.4.3, the volume fraction is
39.5%. The dilated boundary is shown in Fig.4.4 and the corresponding es-
timated normalized covariance in Fig.4.8. The volume fraction of the model
shown in Fig.4.5 is 75.67%. Fig.4.6 shows the dilated boundary and Fig.4.9
the estimated normalized covariance of this model.

For the presentation of the data in all diagrams, the theoretical normal-
ized surface correlation function is shown in red and the estimated normalized
covariance of Ξ′ in blue. The green lines show the sum and the difference of
the estimated covariance and the estimated deviation.

The estimated normalized covariance approximates the theoretical nor-
malized surface correlation function well for the first model, but with increas-
ing volume fraction and radius, the quality of the approximation decreases.
The reason for this may be seen in the fact that, due to the low volume
fraction in the first model, there is relatively little overlap of the grains, in
contrast to the second and third model. If there is much overlap and in
particular, if many intersections of grains occur such that the angle of in-
tersection is acute, then the reconstruction of the dilated boundary may be
incorrect due to insufficient resolution. This may result in the observable
underestimation of the covariance. Note that the jump discontinuities of the
normalized surface correlation functions at r = 2R are not resolved correctly.
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Figure 4.1: Two independent realizations of a Boolean model with discs of con-

stant radius and parameters R = 0.05 and λ = 40

Figure 4.2: Discrete representation of dilated boundary of two independent real-

izations of a Boolean model with discs of constant radius and parameters R = 0.05

and λ = 40
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Figure 4.3: Two independent realizations of a Boolean model with discs of con-

stant radius and parameters R = 0.08 and λ = 25

Figure 4.4: Discrete representation of dilated boundary of two independent real-

izations of a Boolean model with discs of constant radius and parameters R = 0.08

and λ = 25
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Figure 4.5: Two independent realizations of a Boolean model with discs of con-

stant radius and parameters R = 0.15 and λ = 20

Figure 4.6: Discrete representation of dilated boundary of two independent real-

izations of a Boolean model with discs of constant radius and parameters R = 0.15

and λ = 20
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Figure 4.7: Estimated normalized covariance of dilated boundary and normalized

surface correlation function of a Boolean model with discs of constant radius and

parameters R = 0.05 and λ = 40
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Figure 4.8: Estimated normalized covariance of dilated boundary and normalized

surface correlation function of a Boolean model with discs of constant radius and

parameters R = 0.08 and λ = 25
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Figure 4.9: Estimated normalized covariance of dilated boundary and normalized

surface correlation function of a Boolean model with discs of constant radius and

parameters R = 0.15 and λ = 20
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Chapter 5

Discussion and Conclusion

To conclude this thesis, we will summarize the results obtained and give an
overview of open problems.

First, the existence of a spectral measure associated with the reduced sur-
face covariance measure of a stationary random closed set has been proved.
This yields a quantity describing the second order surface structure in fre-
quency space. However, since this quantity is given in many cases as a
possibly unbounded measure which is not necessarily absolutely continuous,
it is not suitable for analysis.

The proof of an analogon of the theorem of Wiener-Khintchine has served
to relate the densities of the reduced second moment and surface covari-
ance measures to spectral quantities that are mathematically more easily
tractable. Nevertheless, these quantities are still difficult to use in applica-
tions. An idea for the construction of a fast and efficient estimator for the
normalized surface correlation function has been given, which remains to be
put on a sound mathematical basis. Although the estimator yields reasonable
results, a relation between the relevant quantities has still to be established
and detailed tests have to be performed.

A derivation of the surface correlation function of a stationary isotropic
Boolean model with spherical grains has provided insight into the structure
and existence of second order surface quantities. It has served as a basis for
a general approach of how to obtain information on the surface correlation
function of a random closed set. A conjecture concerning a limit representa-
tion of the second moment measure has been deduced.

A further interesting application of spectral methods to the statistical
analysis of random closed sets can be found in the second order analysis of
curvature measures of lower order. Similar to the surface measure, these lower
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order curvature measures can be used to define random measures associated
with a random closed set. This is of particular interest in materials science.
For an open foam, for example, the first curvature measure corresponds, up
to a constant factor, to the total edge length. Therefore, the associated
second order quantity describes the fluctuation of the edges and thus the
filtering properties of the foam. Similarly, the second order structure of the
0th curvature measure characterizes the fluctuation of connectivity of the
pore space of autoclaved aerated concrete, which is related to its insulating
effect.

Since the material samples are most often analyzed from two- or three-
dimensional images, and since fast image processing FFT algorithms are
available, estimators for second order quantities based on spectral methods
will find good and useful application.



Appendix A

The Covariance Density of a

Boolean Model with Spherical

Shells

Consider the Boolean model with spherical shells of radius R as in Examples
2.1.1 and 2.1.3. We will derive the formula for the spherical cap cut out of a
shell of radius R by the ball of radius r centred at a point on the shell and
show the integrability of the covariance density of the model.

Let x ∈ �
d be given in polar coordinates, that is,

x1 = r sinϕd−1 · · · sinϕ3 sinϕ2 sinϕ1

x2 = r sinϕd−1 · · · sinϕ3 sinϕ2 cosϕ1

x3 = r sinϕd−1 · · · sinϕ3 cosϕ2

...

xd−1 = r sinϕd−1 cosϕd−2

xd = r cosϕd−1

where (r, ϕ1, ϕ2, . . . , ϕd−1) ∈ [0,∞) × [0, 2π] × [0, π) × . . .× [0, π).
The area of the shell SR(0) := RSd−1 is given by

Rd−1ωd = Rd−1

π
∫

0

· · ·
π
∫

0

2π
∫

0

d−1
∏

k=2

sink−1(ϕk)dϕ1dϕ2 · · ·dϕd−1.

A point x ∈ �
d lies on the shell SR(0) if, and only if,

d
∑

i=1

x2
i = R2, (A.1)
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and within the ball Br(y) centred at y ∈ SR(0) if, and only if,

d
∑

i=1

(xi − yi)
2 ≤ r2. (A.2)

Hence, a point x lies on the spherical cap cut out of SR(0) by the ball Br(y)
if, and only if, (A.1) and (A.2) are fulfilled. For simplicity, we can put
y = (0, . . . , 0, R) without loss of generality. Then (A.2) becomes

d−1
∑

i=1

x2
i + (xd − R)2 =

d−1
∑

i=1

x2
i + x2

d − 2Rxd +R2 ≤ r2. (A.3)

Solving (A.1) for x2
d yields

x2
d = R2 −

d−1
∑

i=1

x2
i ,

which we can substitute into (A.3) to obtain

2R2 − 2Rxd ≤ r2.

Now if we use polar coordinates to rewrite this inequality as

2R2 − 2R2 cosϕd−1 ≤ r2,

we obtain

1 − r2

2R2
≤ cosϕd−1.

Since cos(·) decreases monotonously in [0, π), this inequality holds whenever
ϕd−1 ≤ arccos(1 − r2

2R2 ), which is well-defined only if r < 2R. This is no
restriction, however, since for r ≥ 2R, the spherical cap is the shell SR(0)
itself and the area of the spherical cap is given by Rd−1ωd.

For r < 2R we can now calculate the area F (r) of the spherical cap via
the integral

F (r) = Rd−1

arccos(1− r2

2R2 )
∫

0

π
∫

0

. . .

π
∫

0

2π
∫

0

d−1
∏

k=2

sink−1(ϕk)dϕ1dϕ2 · · ·dϕd−1

= Rd−1ωd−1

arccos(1− r2

2R2 )
∫

0

sind−2(ϕd−1)dϕd−1,
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which can be evaluated using the formula

∫

�

sinn(x)dx = −sinn−1(x) cos(x)

n
+
n− 1

n

∫

�

sinn−2(x)dx

for n ∈ � , n > 0, cf. [H+96], p.171.

Since for r = 2R the above integral is just Rd−1ωd, the function F (r) is
continuous in r = 2R and hence continuous and differentiable for r ≥ 0. We
obtain

d

dr
F (r) =

{

sind−2(arccos(1 − r2

2R2 )) 1
q

R2− r2

4

, r < 2R

0, r ≥ 2R.

By an application of the rule of de l’Hospital, d
dr
F (r) can be shown to be

continuous in r = 2R. Hence, the function is continuous for all r ≥ 0 and,
in particular, the reduced covariance density is continuous for all r ≥ 0 and
becomes

covS(r) =

{

λRd−1

rd−1 sind−2(arccos(1 − r2

2R2 )) 1
q

R2− r2

4

, r < 2R,

0, r ≥ 2R.

When interpreted as a function of x ∈ �
d, covS must be modified to

covS(x) =

{

λRd−1

‖x‖d−1 sind−2(arccos(1 − ‖x‖2

2R2 )) 1
q

R2− ‖x‖2

4

, ‖x‖ < 2R,

0, ‖x‖ ≥ 2R.

Since covS(x) = covS(‖x‖) is a continuous radial function of compact support
B2R(0), it is integrable over

�
d by Satz 4 in ch. 8.2.II of [Kön00].



Appendix B

Software used

The algorithms used for the estimation of the surface correlation function
have been implemented under Linux using existing C++ libraries of the de-
partment Models and Algorithms in Image Processing (MAB) of the Fraun-
hofer Institute for Industrial Mathematics (ITWM) in Kaiserslautern. As
the implementation strongly depends on these libraries, the source code is
not included in this work.

The Fourier transformation algorithms employed are those provided by
the FFTW 3.0.1 library of M. Frigo and S.G. Johnson of Massachusets Insti-
tute of Technology (MIT). The FFTW library is freely available for download
from http://www.fftw.org.

All diagrams were produced with the aid of gnuplot 3.7, a free interac-
tive data and function plotting utility which can be obtained for free from
http://www.gnuplot.info.

The images of the realizations of the Boolean models were visualized
by use of MAVI 1.0, an image processing toolbox developped at the MAB
department of Fraunhofer ITWM.
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